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Rozdziatl 1

Wprowadzenie

W celu znalezienia poprawnego opisu tzw. ciemnej materii i/lub ciemnej energii wielu autoréw rozwaza
ostatnio uogélnienia Ogdlnej Teorii Wzglednosci bazujace na nieliniowych lagranzjanach, tj. funkacjach La-
grange’a w nieliniowy sposob zaleznych od tensora krzywizny. Szczegdlny przypadek lagranzjanu L, zalezacego
nieliniowo od skalara krzywizny R lub nawet od calego tensora Ricciego R, , ale nie zalezacego od tensora
Weyla, byl rozwazany przez wielu (przykladowo [1] i [2]). Prawdopodobnie pierwsza, dobrze umotywowang fi-
zycznie, propozycja takiej teorii, byt nieliniowy “R?”-lagranzjan A. Sacharova [3]. Nalezy on do rodziny teorii
“f(R)", gdzie L = \/|g|f(R) (patrz réwniez [4]).

W matematycznym ujeciu te teorie sa réwnowazne standardowej wersji Ogodlnej Teorii Wzglednoéci z
oddzialywaniem z dodatkowymi polami materii. Dla teorii typu f(R) ta réwnowaznos$é zostala udowodniona
juz w roku 1987 (patrz [5] i [6]). PdéZniej ten rezultat zostal rozszerzony na lagranzjany zalezace od tensora
Ricciego ([6] i [7]) oraz na takie, ktére zaleza od calego tensora Riemanna Réau 8]

Okazuje sie, ze ta spektakularna ”uniwersalnos¢” teorii Einsteina rozcigga sie rowniez na teorie wyzszego
rzedu, gdzie lagranzjan zalezy od wyzszych pochodnych kowariantnych V,,, ---V,, Réw krzywizny. Ten rezultat
zostal opublikowany w pracy [9]. Natomiast w pracy [10] zostala przedstawiona struktura geometryczna lezaca
u podstawy tego wyniku.

Rozwazania zawarte w pracy [10] wychodza od pytania: ile niezaleznych stopni swobody jest zawartych
w pochodnych kowariantnych rzedu & krzywizny, V,, ~~~VMR2M, jesli wezmiemy pod uwage wszystkie toz-
samoéci Bianchi’ego I i II rodzaju razem z ich pochodnymi? W odpowiedzi na to pytanie w naturalny sposob
pojawia sie pojecie tensora krzywizny rzedu k. Zostalo pokazane, ze wszystkie niezalezne tozsamosci, spelniane
przez te pochodne kowariantne, moga by¢ przedstawione jako tozsamosci Bianchi’ego kolejnych rzedow k, dla
k = 1,2,... (patrz réwnania (4.2) oraz (4.3)). Do analizy tensoréw wyzszych rzedéw zostalo wykorzystane
alternatywne ujecie teorii koneksji na rozmaitosci. W pelni rownowazne standardowej podrecznikowej wersji,
zZnaczaco upraszeza zaréwno wariacyjne, jak i kanoniczne sformutowanie Ogélnej Teorii Wzglednosei (patrz [8]).
Tutaj tworzy naturalne ramy dla teorii krzywizny wyzszych rzedéw.

Glowny wynik tej pracy jest nastepujacy: tensory krzywizny do rzedu k zawieraja te sama informacje,
co tensor Riemanna oraz jego pochodne kowariantne do rzedu k-1. Ta sama informacja jest opisana jako zbiér
niezalezZnych geometrycznych obiektéw, co jest kluczowe w poprawnym sformulowaniu probleméw wariacyjnych
wyzszych rzedéw ([14] 1 [15]) oraz w dowodzie ich réwnowaznosci ze standardowa Ogdlna Teoria Wzglednosci.

W pracy [9] zostala pokazana uniwersalno$é standardowej Ogélnej Teorii Wzglednosci w szerszym kon-
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tekscie, mianowicie dla langranzjanu zalezacego réwniez od wyzszych pochodnych kowariantnych krzywizny
Vi s+ Vi B

ROV"®

L=L (R}, ViR, VsV Rrgrs sV - Vi Ry (1.1)

KOV KOV ROV

Idea dowodu opiera sie na wariacji metoda Palatiniego, gdzie metryka g oraz koneksja I' sa traktowane
jako a priori niezalezne geometryczne obiekty. Jesli nie mamy do czynienia z klasycznym lagranzjanem Hilberta,

gdzie wariacja w odniesieniu do I' daje réwnanie metryczne

VAng :0, (1.2)

jako jedno z réwnan Eulera-Lagrange’a oraz w konsekwencji implikuje prosta zalezno$¢ pomiedzy metryka a
koneksja:

1
F;}u = ig)\l{ (&Ign,u + 8,ugl~w - &;QW) s (1.3)

to w przypadku dowolnego lagranzajnu L, bedacego funkcja metryki, tensora krzywizny oraz (byé moze) jego
pochodnych kowariantnych, zero po prawej stronie réwnania (1.2) zostaje zastapione skomplikowana kombinacja
tych wszystkich wielkosci, jak réwniez koneksja I' przestaje by¢ metryczna koneksja Levi-Civity (1.3). Naiwnie
mozna by sadzi¢, ze wynikajaca z tego teoria nie jest réwnowazna oryginalnej, gdzie metrycznosé koneksji jest
zalozona a priori, tj. kiedy I jest zaledwie skrétowym zapisem kombinacji (1.3) metryki ¢ i jej pochodnych.
Taki wniosek jest jednak bledny. W rzeczy samej, rozktadajac nie-metryczna koneksje I' na metryczna czesé i“
oraz pozostate pole tensorowe:

o A

A A
1_‘;u/ _F/ﬂ/ +Nu1/7

mozemy przepisa¢ cala teorie w kategoriach tensora metrycznego oddzialujacego z nowymi ”polami materii”,
opisanymi za pomoca nie-metrycznego pola tensorowego N. Co wiecej, zostalo pokazane, ze oddzialywanie
pomiedzy metryka a owa materia, wynikajace z tej nowej teorii, jest tego rodzaju, ktéry wystepuje w konwen-
cjonalnej teorii Einsteina. Okazuje sie, iz w przypadku lagranzjanu Sacharova (tj. zawierajacego wyraz c - R?),
jak réwniez w przypadku jakiejkolwiek innej teorii typu “f(R)”, calo$é informacji o N jest zawarta w pojedyn-
czym polu skalarnym (patrz [5] i [6]) i stad taka teoria jest réwnowazna konwencjonalnej teorii Einsteina, gdzie
metryka oddzialuje ze skalarnym polem materii. Jedynym unikatowym aspektem takiej teorii jest konkretna
postaé lagranzjanu materii nowego pola skalarnego, jednoznacznie zdefiniowana poprzez oryginalny lagranzjan
f(R).

Powyzsza konstrukcja dla dowolnego lagranzjanu zaleznego od metryki, catego tensora krzywizny R}

KO

oraz pewnych pdl materii, zostala dobrze opisana w pracy [8]. To, co pozostaje, to udowodnié, ze teoria wyzszego
rzedu (czyli taka, w ktorej lagranzjan zalezy od pochodnych krzywizny) moze byé w réwnowazny sposdb zapisana
jako teoria pierwszego rzedu (tj. taka, w ktorej lagranzjan zalezy od krzywizny oraz od pdl materii, ale juz
nie od pochodnych krzywizny). Procedura ”obnizania rzedu rézniczkowgo teorii”, gdzie wyzsze pochodne sa
traktowane jako nowe zmienne, jest standardowa procedura w analizie rownan rézniczkowych czastkowych. Jej
nowym, opisanym tutaj aspektem jest to, ze taka procedura ”obnizania rzedu” moze by¢ przeprowadzona w

sposob, ktory zachowuje: 1) wariacyjny charakter oraz: 2) dyfeomorficzna niezmienniczosé teorii.
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Zasady wariacyjne wyzszych rzedéw w

teorii grawitacji
2.1 Roéwnania Eulera-Lagrange’a

Rozwazmy gestos¢ lagranzjanu wyzszego rzedu

L= L%, 0/ ol Phiyoin) (2.1)

gdzie
OF e =0y 00" (2.2)
dla £ =0,1,2,...,n. Moze by¢ ona zrodlem zasady wariacyjnej n-tego rzedu, ktora, naiwnie, mogtaby zostaé

sformulowana jako zasada wariacyjna pierwszego rzedu z (n — 1)-szym dzetem pola ¢ jako zmienna konfigu-
racyjna. Stad niezalezne zmienne opisujace pola to goffl_“#k_ dla £ = 0,1,2,...,n — 1. Réwnania pola mozna

otrzymac z nastepujacej relacji symplektycznej:
A o —1A
OL (&, pls) = O (PROP™ + PRSP 4 0 )
(Oapi 09" + (p% + fhpﬁ?) Opy + e

+ (pl;(l.”/tnil + aAp’L;(l’u‘n71>\> 6@51“'[L7171

+ PRI OeN s (2.3)
lub réwnowaznie
oL
papn
Pr = 9 x5 (2.4)
M1 b —1 U1 P —1 A oL
p + Oap = g — (2.5)
K K awﬂ‘Kll”lu‘TT—l
= (2.6)
oL
e HA
P+ O\pE = (2.7)
oL
nk = 7 2.8
AP PRLS (2.8)
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Podstawiajac po kolei pierwsze réwnanie do drugiego, drugie do trzeciego, itd. otrzymujemy réwnanie Eulera-

Lagrange’a:
oL oL oL oL
0 = — -0z +0,0,=——+ -+ (1", - Ou, =, (2.9)
(9(,0K Ha@ﬁ( M1 M&Pﬁw M1 H 8(,051,,,“”
razem z definicjami wszystkich pedéw kanonicznie sprzezonych (plh, pht*?, -+, pht ).

Jest jednakze pewnien problem z takim sformutowaniem: odpowiednia ”struktura symplektyczna” nie
jest taka w rzeczywistosci, poniewaz jest zdegenerowana. Ta degeneracja moze by¢ jednak dosé tatwo usunie-
ta poprzez odpowiednig redukcje symplektyczng. Ta procedura zostala matematycznie $cidle przeanalizowana
w pracy [15]. Zostalo tam pokazane, iz najprostszym na to sposobem jest zazadanie calkowitej symetrii dla
wszystkich sktadowych pedu:

PR =i (2.10)

A priori tylko ped najwyzszego rzedu (czyli dla k = n) spelnia warunek calkowitej symetrycznosci, wy-
nikajacy z réwnania (2.4), podczas gdy pedy nizszych rzedéw moga réwniez zawiera¢ niesymteryczna czesé,
ktéra nie wplywa na ewolucje pola (réwnanie Eulera-Lagrange’a (2.9) zostalo wyprowadzone bez narzuconych
warunkéw na jakiekolwiek symetrie). Stad warunek symetrii (2.10) odgrywa role warunku cechowania, co po-
zwala przedstawaié¢ unikalny fizyczny stan pola za pomoca pojeé polozen i pedéw. Funkcja tworzaca (2.3) razem
z warunkiem cechowania (2.10) okreslaja w sposéb jednoznaczny kanoniczne (Hamiltonowskie) sformulowanie
teorii pola, zdefiniowanej przez zasade wariacyjna wyzszego rzedu (cf. [15] for details).

W teorii grawitacji role zmiennej konfiguracyjnej petni koneksja: ¢ = I'?_. Odpowiadajace temu pedy

P7HEY bhedg symetryczne woindeksach (g -+ - ).

2.2 Redukcja rzedu teorii

Kazdy uktad réwnan rézniczkowych czastkowych mozna traktowaé jako uklad réwnan pierwszego rzedu
(r6zniczkowego), jesli wyzsze pochodne potraktuje sie jak nowe zmiennne pola. Ta prosta obserwacja znajduje
zastosowanie rowniez do zasad wariacyjnych — wystarczy dokonaé transformacji Legendre’a pomiedzy pochod-
na najwyzszego rzedu oraz pedem najwyzszego rzedu. W tym celu funkcje tworzaca (2.3) mozna przepisaé
nastepujaco:

SL = (Oapi)8e™ + (p’;? + 8Ap‘;?) Sop AT
+ Ox (p*;?"'“"*”&pﬁ.%fl) : (2.11)
a ostatni wyraz przeksztalci¢ jako:
A (p’;(l"'ﬂnflkfs@iu»un,l) _ 5 [@ (p’;(l"'mlflkéﬁ’i--»un,l)} — 0y (@imunildp,;g..ﬂnﬂ,\) '
Rézniczka zupelna:
6 [on (5 Nl )] = O Rl ) + 0 [ () (2.12)

moze byé przeniesiona na lewa strone réwnania i w ten sposéb (po kilku krokach, szczegélowo opisanych w

pracy [9]) otrzymujemy nowa funkcje tworzaca:
5L — (8)\]7}\()(5%7[( + (p;;{ _’_8)\}7;;{)\) 5505 4 +p;};{1...u7h15w£m#n71

— O (wﬂ..ﬂn_ﬁp’;?“”"“) : (2.13)
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Ostatni wyraz opisuje zasade wariacyja dla zmiennej pi! "#". Ta wariacja jest (rézniczkowo) pierwszego rzedu,

a role pedu kanonicznie sprzezonego przyjmuje nastepujaca wielkos¢:

oL
Kx  ._ _ K A
Hﬂl"'ﬂn T _w(ul"'ﬂvz—lélln) - W> (2.14)
zgodnie z tozsamodcia:
K U — A KX\ U
P 0P T =T, P (2.15)
I w konsekwencji:
TN . .
—0h (@,ﬁ...#n,ﬁp’;é et )= (OATTEX ., ) ophd i + TIEX 6 (Oaphd ™) (2.16)

Réwnania pola otrzymane z nowej funkcji tworzacej wygladaja nastepujaco:

5L = (Oxpx)de™ + (p‘;? + 6)@’}?) Sl o pl IO

+ o (ONTIEY ) Sph T TINS5 (Oapl ) (2.17)

i razem z definicja (2.14) pedu II sa réwnowazne réwnaniom (2.4) — (2.8). Przyjmuja one nastepujaca postacé:

oL

KX _ K _
8,\1'[”1_..”"——%1..% = W (2.18)
oL
1 n—1
Py = — (2.19)
OOk
oL
PR R oapR T = e (2.20)
Phr-pn—2
= ... (2'21)
oL
" 72
P+ = —= (2.22)
o
oL

Réwnanie (2.18) (razem z definicja (2.14) pedu II) jest réwnaniem Eulera-Lagrange’a zasady wariacyjnej pierw-

szego rzedu, zdefiniowanej przez lagranzjan:

L=L>G" )P o)

podczas gdy réwnania (2.19) — (2.23) opisuja zasade wariacyjna rzedu (n — 1), okre$lona przez zalezno$é £ od
(n — 1)-go dzetu zmiennej konfiguracyjnej z — ¢ (z).
Zatem zasada wariacyjna rzedu n dla pola ¢ moze byé réwnowaznie zastapiona taka, ktéra jest rzedu

(n — 1) dla pola ¢* oraz rzedu 1 dla pomocniczego pola (pola ”materii”) ph! "

. Konsekwentne stosowanie
tego twierdzenia umozliwia zredukowanie rzedu dowolnej zasady wariacyjnej do 1. Koszt takiej operacji to
wprowadzenie dodatkowych ”pdél materii”.

A

Poniewaz tensor krzywizny R, zawiera pierwsze pochodne wspélezynnikéw koneksji ')

~,, lagranzjan
(1.1) jest (rézmiczkowego) rzedu (n + 1) w odniesieniu do zmiennych konfiguracyjnych '} (odgrywajacych
role pol ). Zatem aby obnizyé rzad (1.1), mozna wykorzystaé metode opisana wyzej. Jednakze ani same
wspotezynniki koneksji, ani ich pochodne nie sa obiektami tensorowymi i w konsekwencji takie bezpposred-
nie zastosowanie wspomnianej metody nie byloby niezmiennicze wzgledem transformacji wspélrzednych. W

celu zachowania tej niezmienniczosci teorii pochodne I' oraz same I' nalezy zapisywaé¢ w postaci tylko takich
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kombinacji, ktére odpowiadaja tensorowi krzywizny oraz jego pochodnym. Obiekty te spelniaja jednak wiele
tozsamosci (np. tozsamosci Bianchi’ego 11 IT rodzaju oraz ich poc000hodne kowariantne), co sprawia, ze a priori
trudno byloby wybraé¢ sposréd nich wielkoéci prawdziwie niezalezne, ktére pozwoliltyby wyrazi¢ gestosé funkeji
Lagrange’a (1.1) za pomoca niezaleznych obiektéw.

Powyzszy problem byl inspiracja do rozwiniecia przeze mnie koncepcji tensorow krzywizny wyzszych rze-
dow, oryginalnie zaproponowanej przez prof. Kijowskiego. W uzyskaniu opisanych dalej wynkdéw istotng role

odegralo zastosowanie odmiennego niz standardowe ujecia teorii koneksji.



Rozdziatl 3

Teoria krzywizny

3.1 Koneksja jako pole uktadéw inercjalnych

Pod pojeciem koneksji T' na rozmaitosci M, dimM = n, zazwyczaj rozumie sie koneksje w GL(n,R)
wiazce glownej ukladéw odniesienia nad M. Taka wigzka uktadow nie jest dowolna wiazka gtéwna, lecz jest wy-
posazona w dodatkowa strukture: forme klejacq (?). Za sprawa tej struktury tak zdefiniowana koneksja nie jest
obiektem nieredukowalnym, lecz rozpada si¢ kanonicznie na dwie nieredukowalne czesci: koneksje symetryczng
oraz tensorowy obiekt zwany torsjg. W pracy [10] zostala zaproponowana inna definicja koneksji symetrycz-
nej - jako fundamentalnego (nieredukowalnego) obiektu geometrycznego. Wezmy kanoniczna wigzke ukladéw

odniesienia R(M) nad M. Koneksja jest woéwczas zdefiniowana jako ciecie tej wiazki:
r:M—R(M). (3.1)

Innymi stowy: koneksja jest polem ukladéw odniesienia. Raz wybrana na M, definiuje w kazdym punkcie m € M
7uprzywilejowany” uklad odniesienia I'(m) € R(M), ktéry bedzie nazywany inercjalnym ukladem odniesienia
wm e M.

Pojecie inercjalnego ukladu odniesienia zostalo wprowadzone przez Newtona w jego pierwszym prawie
dynamiki: "ruch ciata swobodnie spadajacego jest jednostajny i prostoliniowy”, tj. spelnia réwnanie

-k o
=qp (t)=0, (3.2)
w uprzywilejowanym uktadzie wspétrzednych (z*), ktéry Newton nazwat ”inercjalnym”.
Istnienie inercjalnych ukladéw odniesienia byto oryginalnie uwazane za globalng strukture Wszechswia-
ta. W $wietle Szczegblnej Teorii Wzglednosci unowoczesniona wersja pierwszego prawa dynamiki jest czysto
lokalna. Stad powyzsze Newtonowskie sformulowanie musi zostaé zastapione sformulowaniem Einsteinowskim:

dla kazdego punktu m € M istnieje uklad wspdlrzednych (y®) w otoczeniu m taki, Ze réwnanie rézniczkowe

opisujace trajektorie ciata spadajacego swobodnie redukuje sie w tym konkretnym punkcie do:
g =0. (3.3)

Tu pochodna oznacza pochodna po czasie wlasnym, podczas gdy Newtonowska wersja odnosila sie do (nieist-
niejacego) ”absolutnego czasu”.
Réwnanie (3.3) mozna tatwo przepisa¢ w innym uktadzie wspétrzednych (z*) na M. W ten sposéb uzy-

skuje sie nastepujace réwnanie ruchu swobodnie spadajgcych cial, spelnione w dowolnym ukladzie wspélrzednych

7
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(zaréwno tu, jak i w dalszej czedcei pracy uzywana jest konwencja sumacyjna Einsteina):
P T, aME =0, (3.4)

gdzie I‘f;,, oznacza nastepujaca kombinacje wspoétczynnikéw transformacji pomiedzy oboma ukladami wspél-

rzednych
. oxr 0%y
T gy ok

(3.5)

Wida¢, ze nowy uklad wspédlrzednych jest réwniez inercjalny w m wtedy i tylko wtedy, gdy powyzsze drugie

pochodne znikaja w m. Na podstawie tego mozna sformutowaé nastepujaca definicje:

Uklad odniesienia w punkcie m € M jest klasa réwnowaznosci lokalnych ukladow wspolrzednych wzgledem
relacji “~pm”, gdzie dwa uktady wspétrzednych w otoczeniu punktu m okresla sie¢ jako réwnowazne wtedy i

tylko wtedy, gdy drugie pochodne jednych wspolrzednych po drugich znikaja w m:

()~ () 4= () =0) | (36)

oxrav
Latwo mozna sprawdzié, ze powyzsze jest w rzeczy samej relacja réwnowaznosci. Klase rownowaznosci uktadu
(y*) oznacza si¢ jako [(y)],, 1 nazywa ”ukladem odniesienia w m € M”.
Majac uktad wspohrzednych (2*) w otoczeniu punktu m, mozna sparametryzowaé dowolny uktad odnie-
sienia [(y®)],,, W m poprzez nastepujaca, symetryczna z definicji, tablice wielkoSci:

N ox ’ a2ya
et Qyex Qaka

(m) , (3.7)

gdzie (y*) jest reprezentantem klasy [(y)],,. Latwo mozna pokazaé, ze wielkosci Ffw nie zaleza od wyboru
reprezentanta. W szczegdlnodci uktad odniesienia [(z)‘)]m odpowiada trywialnej tablicy Ff;,, = 0. Co wiecej, ta
parametryzacja jest surjekcja, tzn. dla danej tablicy F;)lu istnieje unikalny uktad wspotrzednych w m, mianowicie:

[(y¥)],, taki, ze wielkoici (3.7) zgadzaja si¢ z ta tablica. Jej reprezentant moze by¢ zdefiniowany przyktadowo

jako:
1 v
Y=o+ §I‘;\Wx“x . (3.8)
Powyzszy wzor obowiazuje we wspolrzednych wysrodkowanych w m, tj. takich, ze m = (0,...,0). W innym
przypadku a* musi zostaé¢ zastapione przez (z# — m*), gdzie m = (m*). W ten sposéb zbiér wszystkich

ukladéw odniesienia R(M) nabiera struktury afinicznej wiazki wiéknistej nad M oraz (x’\71";)l,) sa lokalnym
wspOlrzednymi na R(M), zgodnymi z ta struktura.

W danym ukladzie wspéhrzednych (z*) koneksja (3.1) (tj. ciecie R(M)) moze byé w takim razie jedno-
znacznie zdefiniowana przez zbiér % funkcji: M > m — I'(m) = (Ff‘w(m)), zwanych wspdlczynnikami

koneksji. Wspolrzedne (y®) nazywa sie inercjalnymi w m dla koneksji T', jesli [(y*)]m = I'(m). Wspdlrzedne

A

(z}) sq inercjalne w m dla koneksji I, jedli wszystkie funkcje I' D

znikaja w m.
Za sprawa (3.8) wspélczynniki koneksji (I‘ﬁy) zyskuja prosta interpretacje geometryczng: opisuja kwa-
dratows poprawke, ktéra jest konieczna, aby przeksztalcié dowolny uktad wspotrzednych (1) we wspétrzedne

inercjalne.
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3.2 Tensor krzywizny jako miara odstepstwa od afinicznosci. Row-
nowaznosc¢ z tensorem Riemanna

Koneksja jest plaska, jesli istnieje globalny inercjalny uktad odniesienia, tj. uktad wspdtrzednych, ktéry

jest inercjalny nie tylko w jednym punkcie (i jego otoczeniu), lecz wszedzie. Majac dany uklad wspdlrzednych

A

/iv» MOZemy za pomocy szeregu transofrmacji wspoirzednych stworzyc

(z#) inercjalnych w m, w ktérym znika I’
konstrukcje, ktéra pozwoli sprawdzi¢, czy dana koneksja jest plaska. Okazuje sie, ze wielko$¢ otrzymana na
koniec tej operacji:

Ky =T = D) (3.9)
gdzie F?;wn) oznacza czesé catkowicie symetryczng pochodnych T', zapisaywanych jako Fﬁlm (m) := anrjw (m)
stanowi przeszkode w wyzerowaniu pochodnych I'; tj. przeciwko jej ptaskosci. Mierzy zatem, jak nie-plaska, jak

zakrzywiona, jest ta koneksja. Nazywamy ja tensorem krzywizny.

Definicja: Tensorem krzywizny koneksji I' nazywamy tensor, ktéry redukuje sie do postaci (3.9) w inercjalnym
uktadzie odniesienia.

Powyzsza definicja implikuje nastepujacy wzor, prawdziwy w dowolnym uktadzie wspdlrzednych:

A _ A A A o A o
K;u/n - Fm/n - F(y,l/n) + (PUHF;LI/ - Fa(mr;w))
o A A o A A o
- F,ul/rc + Fanr,uu - (F(/LDKJ) + FG‘(I{F/,LV)) : (310)

Tensor krzywizny K jest symetryczny w pierwszej parze indekséw oraz jego czesé catkowicie symteryczna znika
tozsamosciowo:

Kpyw =KD 5 Kl =0 (3.11)

Iz vk
Druga tozsamo$é jest odpowiednikiem tozsamosci Bianchi’ego I-szego rodzaju (patrz (3.13)).

Tak zdefiniowany tensor krzywizny jest rownowazny standardowemu tensorowi Riemanna Rﬁu,{: antysy-
metryzacja w ostanich dwoch indeksach K daje R, a symetryzacja R w pierwszych dwéch indeksach daje K.
Zachodza miedzy nimi nastepujace relacje:

R\, =—-2K\ =K\ —-K\.  ; K) _ g R+ R, (3.12)

1
UVE nlrkl HKY QUK UVE 3 (pv)k — _g ( UVE

a tozsamosci (3.11) dla K sa réwnowazne analogicznym tozsamosciom dla R:

Ry, =-Ry, ; Rj,g=0. (3.13)

qus UKV [pre

na podstawie powyzszego mozna wnioskowaé, iz tensor Riemanna Rf}m i tensor krzywizny K ;)[m@ to dwie réz-
ne, ale catkowicie réwnowazne reprezentacje jednego obiektu geometrycznego. Jak sie okazuje, ta druga jest
technicznie o wiele wygodniejsza dla zastosowan Ogolnej Teorii Wzglednosci.

Definicja (3.9) moze by¢ sformulowana w jeszcze prostszy sposob, jesli wprowadzimy pojecie inercjalnosci

wyzszego rzedu:

Definicja: Majac dana koneksje I' na rozmaitosci M, uktad wspétrzednych (2*) nazywamy inercjalnym rzedu
1 w punkcie m € M, jesli (z) jest inercjalny oraz jesli catkowicie symetryczna czeéé pochodnych czastkowych
I" znika w m € M:

Fio(m) = F?f@ou) (m) =0. (314)
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Tensor krzywizny jest w tym ujeciu tensorem, ktérego sktadowe pokrywaja sie z czastkowymi pochodnymi I w

dowolnym uktadzie wspolrzednych, inercjalnym rzedu 1:

K} =T (3.15)

KO [ Ko *

Powyzsza konstrukcja moze byé w naturalny sposéb rozsszerzona na obiekty opisujace wyzsze pochodne

koneksji. W tym celu definiujemy uklady inercjalne wyzszych rzedow.

Opy O T2, = T0 : (3.16)

KO 1 ik

Definicja: Majac dang koneksje I' na rozmaitoéci M, uklad wspotrzednych (z*) nazywamy inercjalnym rzedu k
w punkcie m € M, jesli wspdlezynniki koneksji oraz czesci catkowicie symetryczne ich pochodnych czastkowych
do rzedu k znikaja w m, tzn.:

A (m)=T2_ . (m)=T) (m)=---=T7 (m) =0. (3.17)

(kop) (kopipz) (Ko pir)

W szczegdlnodei: ”inercjalny” znaczy ”inercjalny rzedu 07.

Przyktad: Wspolrzedne normalne sg inercjalne maksymalnego rzedu.



Rozdzial 4
Tensory krzywizny wyzszych rzedow
4.1 Definicje i wlasnosci

A

Definicja: Tensor krzywizny rzedu k jest tensorem K, .., takim, ze w ukladzie wspolrzednych, ktory jest

inercjalny rzedu k, jego sktadowe sg réwne pochodnym czastkowym wspdlezynnikéw koneksji:

A £ A
Kmr,u,ln-,u,k = Fna/tlmuk . (41)
Lemat: Powyzsza definicja jest poprawna, tzn. K é\omm ., istnieje 1 jest jednoznacznie okreslony.

Whiosek: Tensory krzywizny spelniaja ponizsze tozsamosci symetrii, analogiczne do (3.11):

A _ A _ A
Km’ltr“ltk - K(’“")Nfl'“l’f}c - Kﬁd(#l'“#k) ’ (4.2)
A _
K("W#l“'#k) = 0. (4.3)

Uwaga: W przypadku, gdy wspétrzedne (z*) sa inercjalne rzedu (k — 1), (4.1) przyjmuje nastepujaca postac:

Koo =T - (4.4)

ROfLy - ROL [ (Kopy-pg)

Twierdzenie: Tensor krzywizny rzedu k, wyrazony jako funkcja I' oraz jej pochodnych, ma nastepujaca forme:

K . = r A r ) T f(pochodnych nizszego rzedu I') , (4.5)

KO KO 1 b (ko

w dowolnym (niekoniecznie inercjalnym) ukladzie wspétrzednych (z).

Przyktad 1: Tensor krzywizny rzedu k = 1 to po prostu tensor krzywizny:
K2y =T00u =Ty + 13,00, — T3, I7

KO KO (ko) Y Ko Y1 ko) "

Tozsamosé (4.3) jest tozsamoscia Bianchi’ego 1-go rodzaju.

11
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Przyktad 2: Tensor krzywizny rzedu k = 2 jest rowny:
5 5

A _ A A A A
K,W,W = fV Kmm—i- SVWKL,, — V Kum— V Ko (4.7)
= rA -1 +217 TN —or7 TN +T7 T
Ko pY (kopv) rko(ve )y (kov™ 1)y (ko™ pv)y
A Y A Y A Y
_ FZVFKM+4F7(WF »y = 20 IO, = 20, T
Y A a Y Y
T (T — TS, ) + A3 T2, T, AT

Przyktad 3: Tensor krzywizny rzedu k = 3 jest rowny:

3
K}, = —[6(V,VnK;

KO vy 40 KO

+ VWV K + Vo ViKl,,)

= (VyVoy ,m+v v WU+V(MVU)K3W
VT K + V0o K + VT K0)]
830[ (me o + Kﬁa(vKZYu)n) 3TK ()

a A « A
—2 ( (B (yac T K(uu)oKm)anﬂ ~ (4.8)

wm

Dowéd wzoru (4.7) zawarty jest w dodatku A pracy [10]. Ze wzoru (A.1) w tym dodatku wynika naste-

pujace wyrazenie na pochodne kowariantne pierwszego rz@du tensora krzywizny:

A A A A A A
Kmn/m \Y Kmﬂ/ Kna'u,u K(K,G‘V)ll, 3 (2Kl<m'uy, Kvamu Kumr,u,) . (49)
Uzywajac jej, mozemy obliczy¢ pochodne kowariantne tensora Riemanna Rmy = 2K é\[(w]:
_ A A A
Rno’um VHRNU Kmn/u + Km/o’p, (410)

Whiosek: Powyzszy wzor jest rownowazny tozsamosci Bianchi’ego 2-go rodzaju:

1 A A —
RK[UUW] - g (Rmrl/\u + Rmuo'\ + Rm/u\a’) = _KH(UU[L) + Kn(you) =0. (411)

Definicja: W przypadku dowolnego k, tozsamosé (4.3) bedzie nazywana tozsamosciq Bianchi’ego k-tego rodzaju.

Okazuje sie, iz tak zdefiniowane tozsamo$ci zawieraja w sobie wszystkie mozliwe tozsamosci spelnia-
ne przez pochodne kowariantne tensora krzywizny (a wiec réowniez tensora Riemanna). Méwi o tym ponizsze

twierdzenie:

Twierdzenie: Kazda pochodna kowariantna k-tego rzedu tensora krzywizny K2, ., moze by¢ wyrazona jako (w

ogblnym przypadku — nieliniowa) kombinacja sktadowych tensoréw krzywizny Km# e do1z0dU = (k+1).

4.2 Dzety kowariantne koneksji

Dla danej koneksji symetrycznej F;}U w otoczeniu punktu m € M oraz liczby naturalnej k, istnieje

..
KoY (kop)) T (kopy e

transformacja ukladu wspélrzednych taka, ze wspotczynniki (F m ‘)) przyjmuja dowol-

ne, wybrane wartoéci w m. Takie przeksztalcenia odgrywaja role transformacji cechowania. Oczywiscie, nie
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zmieniajg one wartosci tensorowych wielkosci, takich jak tensory krzywizny (K o K A g o IS A Ly ch) W
m= (0,...,0).

Twierdzenie: W kazdym punkcie czasoprzestrzeni m € M wielkoSci

A A A LA A A
(KKO';,H Kna;nuy e 7KI€0'N1---H]C7 FNO” F(NO’M)’ T F(Naulmuk))
moga byé uzyte jako globalne wspétrzedne we widknie JE R(M) wiazki JFR(M) k-tego dzetu cieé¢ wiazki R(M)
lokalnych uktadéw odniesienia w czasoprzestrzeni M. (Ciecia tej wiazki to po prostu koneksje symetryczne w

M)

Inaczej méwiac, k-te dzety koneksji (FQU, Féw, e 7F20H«1“‘Mk) w naturalny sposob dziela sie na klasy row-

nowaznosci wzgledem transformacji cechowania. Kazda klasa jest jednoznacznie scharakteryzowana przez zbiér

K llk) W obrebie kazdej klasy wielkosci (1“A m S

koo (kou)

tensoréw krzywizny (K A LK)

rkopr P ropipe T P ropg -

moga by¢ uzyte jako globalne wspélrzedne. Odgrywaja role ” parametréw cechowania” , poniewaz moga zostac¢ do-

wolnie zmienione poprzez transformacje uktadu wspétrzednych. Stad catkowita, ”niezmiennicza wzgledem cecho-

--,K’\ )

TR . L. oo . A A
wania” informacja o k-tym dzecie koneksji jest zawarta w tensorach krzywizny (K K .

Ko o g
Zbior tensoréw krzywizny do rzedu k moze by¢ w takim razie traktowany jako k-ty “kowariantny dzet” I'.
Tensory nie zmieniaja si¢ pod wplywem wyzej opisanych transformacji cechowania. Stad kombinacja I' i jej po-
chodnych, ktore — jak sie okazuje — sa wielko$ciami tensorowymi, nie moze zaleze¢ od parametréw cechowania.

Te obserwacje mozna podsumowaé nastepujaco:

Propozycja: Funkcja F' o wartosciach tensorowych w wiazce dzetéw J*R (M) nie zalezy od parametréw cecho-

wania (1")‘ m

ro Loy ,Ff‘mm._#k)), tzn. jest wylacznie funkcja tensoréw krzywizny K l=0,1,... k.

S

W szczegdlnoscei rozwazmy afiniczng zasade wariacyjng dla pola grawitacyjnego. Jest to zasada wariacyjna
pierwszego rzedu dla koneksji I'. Jej rownowaznos¢ z metryczna zasada wariacyjna, bazujaca na lagranzjanie Hil-
berta, zostala udowodniona dawno temu (patrz [12] lub [20]). Afiniczna funkcja Lagrange’a zalezy od pierwszego
dzetu koneksji. Jednakze, aby byta niezmiennicza wzgledem cechowania, musi by¢ stata na klasach réwnowaz-
nych wzgledem cechowania dzetéw, tj. musi byé¢ funkacja krzywizny: K2, .. lub, réwnowaznie, R}, u- Widag, ze

to samo jest prawdziwe dla afinicznej zasady wariacyjnej wyzszego rzedu: jej lagranzjan moze zaleze¢ wylacznie

od kowariantnych dzetéw koneksji.

4.3 Gléwne twierdzenia algebry tensoréw krzywizny wyzszych rze-

dow

A

kopypugs B = 1, moze zostaé zapisany jako (w

Twierdzenie 1: Kazdy tensor krzywizny wyzszego rzedu K
A

%oy oraz ich pochodnych kowa-

ogblnym przypadku — nieliniowa) kombinacja tensoréw krzywizny 1-go rzedu K
riantnych V,, ...V, K,i‘w do rzedu | = k — 1. Co wiecej, to wyrazenie jest liniowe w pochodnych najwyzszego
rzedu (czylidlal =k —1).

To twierdzenie opiera sie na nastepujacym lemacie, udowodnionym w dodaktu B pracy [10]:

(Rop1-pr)

)
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Lemat: Dla kazdego k > 1 istnieje jednoznacznie okreslona, liniowa kombinacja S;\Um,,_ . Pochodnych kowa-
riantnych V,,, ...VHFIKQUM takich, ze
S;‘UMMM = FiUU«l"'Nk - F?NUMI'”MIC) + f(pochodnych nizszego rzedu T'), (4.12)

w dowolnym (niekoniecznie inercjalnym) ukladzie wpétrzednych (z).

Twierdzenie 2:

A

Kopiu, s ™ > 1, moze by¢ zapisany jako suma dwoch elementow: 1) liniowej kombi-

Tensor krzywizny K
nacji pochodnych kowariantnych pierwszego rzedu tensoréw rzedu k — 1: V,, K} oraz 2) (nieliniowej)

ROp1 - Hn—1

funkcji tensorowej tensoréw krzywizny nizszych rzedow K ;\(w e LS =10

K = S+ 1 (K K LK) ). (4.13)

KO 1 fon Ko KOy e KOL - o —1

gdzie
A _ A
SV1V2“'V77,+2 - Z C(ﬂ—) ! vVﬂ(l) KVW(Q)I/,,(?)) "'V7r(n+2) (4'14)

s

natomiast 7 jest permutacja (n + 2) elementéw oraz ¢(m) sa stalymi wspoétczynnikami.

Przyklad 4: Ten sam tensor krzywizny rzedu k = 3 (4.8), wyrazony tym razem jako funkcja pierwszej pochodnej

tensora rzedu k = 2 oraz nieliniowej kombinacji tensorow rzedu k = 1, jest rowny:

11 1 2
A _ A A A\
KKO'/LV’)’ - EVU)KHU(/“MZ + EV(VK/A1/L2)HU - EVU)K(PJHZV)(K
3 A «a A o a A
+ % |:*25 (Kﬁa(’y pv)o + Kaa('y ,uu)n) + 31KHG‘(;LK1/7)Q¢

« A « A
10 (K K s + Ko K| - (4.15)
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Niezmiennicza redukcja rzedu teorii

Jak zostalo powiedziane w rozdziale 2.2, obnizenia rzedu (1.1) w sposéb niezmienniczy (wzgledem trans-
formacji wspolrzednych) mozna dokonaé, wykorzystujac pojecie tensordw krzywizny wyzszych rzedow, ktére
opisuja czes¢ wspdlrzednosciowo niezmennicza dzetow koneksji wyzszych rzedow.

Niezmienniczy lagranzjan nie bedzie zatem zaleze¢ od pola grawitacyjnego I' i jego pochodnych w dowolny
sposob, lecz jedynie poprzez niezmiennicze obiekty geometryczne: tensory krzywizny. Zawieraja one kompletna
informacje o tensorze Riemanna i jego pochodnych kowariantnych, podczas gdy réwnania (4.2) i (4.3) pokazuja,
ile niezaleznych obiektéw potrzeba do zapisania tej informacji. Lagranzjan (1.1) moze by¢ wiec zapisany jako
funkcja tensoréw krzywizny:

L=L(¢, o Kpuor  Kpygroo) (5.1)
gdzie jako ¢ zostaly zapisane pola materii (mozliwe indeksy zostaly pominiete dla uproszczenia notacji), od-

. . . . )\ . . . . . 7 .. . . 7 .
dzialujace z polem grawitacyjnym I'j,. Wariacja w odniesieniu do p6l materii daje oczywiste rownania Eulera-

Lagrange’a poprzez standardowa funkcje tworzaca:

podczas gdy wariacja w odniesieniu do I' daje pozostala czesé funkcji tworzacej, zgodnie z (2.11), ze zmiennymi

o zastapionymi przez Ff;y:
OL = o 4 O (PLR6T), + P01 4 o + PLYT 6T, )
= o (0P O, + (PYYT + 0. PLT) 6Ty 4 -
+ (P70 P T Y T s P (5.3)

Aby obliczy¢é wartosci pojawiajacych si¢ tu pedéw P{”7" 7% nalezy dokonaé wariacji gestosci funkcji Lagrange’a

(5.1) (tu dla uproszczenia pominieto cze$é ”materialng” wyrazenia):

5L = Q,LALVU(SK)\ +Q,L>1:V010'2§K)\ +"~+QI;V01“'0"5K>\

pnro HVo102 UVO1Op )

(5.4)

gdzie wielkosci @) sa gestodciami tensorowymi (w przeciwienstwie do P). Zapisujac kazdy tensor krzywizny
K I)L\Vo'l"‘o'k’ k < n jako funkcje wspdlczynnikéw koneksji F/);V oraz ich pochodnych do rzedu k, mozna ostatecznie

wyrazi¢ wswzystkie pedy P{"7*"7* jako funkcje pochodnych I';, i stad otrzymaé réwnania Eulera-Lagrange’a.

W szczegdlnosci wyrazenie na ped najwyzszego rzedu jest wyjatkowo proste:
P;\Ll/a'l-“a'n — Qiual---an , (5.5)

15
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poniewaz zaleznosé tensora krzywizny od najwyzszych pochodnych koneksji jest bardzo prosta (patrz réwnanie
(4.5)).

Stosujac procedure opisana w rozdziale 2.2, mozemy obnizy¢ rézniczkowy rzad zasady wariacyjnej (5.3)
w odniesieniu do I' poprzez ulepszenie pedu najwyzszego rzedu P{"7" 7" do poziomu pél materii. Jak zostato

wspomniane na poczatku tego rozdziatu, taka procedura jest niesatysfakcjonujaca, poniewaz wielko$é

L=L+d, (P T )

HVO1On—1

nie jest niezmiennicza gestoscia skalarna. Mozemy ja jednak nieco zmodyfikowaé tak, ze otrzymana w jej wyniku
gesto$¢ lagranzjanu bedzie prawdziwa gestoscia skalarna, a nowe rownania pola nie beda zalezaly od wyboru

ukladu wspélrzednych. Mianowicie, korzystajac z Twierdzenia 2 z rozdzialu 4.3 (patrz réwnanie (4.13)), mozemy

A
ROJu1 ph

A

uzy¢ S . zamiast K, ., by sparametryzowac n-ty kowariantny dzet koneksji I'. Nastepnie dokonujemy

transformacji Legendre’a pomiedzy S a pedem najwyzszego rzedu Q4"””" " Na koniec, wykorzystujac réwnanie

(4.14), definiujemy ped kanonicznie sprzezony do Q4”77 jako:

" =- Z c(n)- 65 K (5.6)

ViV2-Vn42 Vr(1)" Vr(2)V=(3)"" Vr(n+2)’
T

ktory oczywiscie spelnia tozsamosé:

V. IL" =-S5 : (5.7)

ViV2VUn42 ViV2 - VUn42

Ostatecznie wariacja nowej funkcji tworzacej £ przyjmuje postac:

6L =QR6K ), + QY 720K,y 5y +
THVO1Op—1

4+ Qy SK) + 0, (I} Aroran) (5.8)

HVO1On—1 HVTL - Op

Kolejne kroki tej procedury oraz pojawiajace sie wielkosci sa szczegélowo opisane w pracy [9]. Wszystkie

wielkoSci wystepujace we wzorze (5.8) sa tensorami lub gestoSciami tensorowymi. Mamy tu do czynienia z

e

zasada wariacyjna pierwszego rzedu dla nowego pola materii Q""" oraz zasada (n — 1)-go rzedu dla pola

A

s> analogiczng do zasady n-tego rzedu (5.4).

grawitacyjnego I'
Stosujac te procedure (n — 1) razy, mozemy zredukowaé ilo$é¢ grawitacyjnych stopni swobody zawartych
w lagranzjanie do jednego. Powstala w ten sposob teoria jest réwnowazna teorii Einsteina, jak zostalo pokazane

w [8].
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Praca: Covariant jets of a connection

and higher order curvature tensors
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1. Introduction

To find an appropriate description of the “dark matter” and/or “dark energy”, many authors consider recently
generalizations of General Relativity Theory based on “non-linear Lagrangians”, i.e. Lagrangian functions depending in
a non-linear way upon the curvature tensor. The particular case of a Lagrangian L depending non-linearly upon the scalar
curvature R or even the complete Ricci tensor R,,,, but not depending upon the Weyl tensor, was considered by many
authors (cf. [6] and [19]). Probably the first, physically well motivated, proposal of such a theory was the non-linear
“R?”-Lagrangian proposed by A. Sacharov (see [17]). It belongs to the family of “f(R)-theories”, where L = /[g[f(R) (see
also [18]).

Mathematically, these theories are equivalent to conventional version of General Relativity Theory, interacting with
extra matter fields. For f(R)-theories this equivalence was proved already in 1987 (see [5] and [7]). Later on, this result
was extended to Lagrangians depending upon the Ricci tensor (see [7] and [8]) and, finally, to those which depend upon
the complete Riemann curvature R’ . (see [10]).

It turns out that this spectacular “universality” of the Einstein theory extends also to theories of higher differential
order, when the Lagrangian function depends upon higher order covariant derivatives V,,, - - - VMRﬁU ., of the curvature.
This result will be published elsewhere. Here, we want to present the fundamental geometric structures underlying this
result.

The story begins with the question: How many independent degrees of freedom is contained within the k-th order
covariant derivatives V,, ---V,, R}, of the curvature tensor, if we take into account all the Bianchi-I and Bianchi-II
identities together with their derivatives? To answer this question, the notion of a k-th order curvature tensor arises in a
natural way (see Section 3). It is shown there that all the independent identities fulfilled by those covariant derivatives
can be identified as the Bianchi identities of subsequent orders k, for k = 1,2, ... (see (29) and (30)).
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The analysis of higher order curvature tensors is, however, preceded (in Section 2) by an alternative version of the
theory of a connection on a manifold. Although equivalent to the standard textbook version, it highly simplifies both the
variational and canonical formulations of General Relativity Theory (see [10] and [14]). But here, it provides a natural
framework for the theory of the higher order curvature.

In Section 4 we introduce the notion of a “covariant jet” of a connection as an equivalence class of jets modulo “gauge
transformations”, also defined there. Finally, Section 5 contains the main result of this paper: curvature tensors up to order
k contain the same information as the Riemann tensor and its covariant derivatives up to order k-1. Although the same, the
information is now described as a list of independent geometric objects, which is the key step towards correct formulation
of higher order variational problems (cf. [13] and [12]) and the proof of their equivalence with the conventional General
Relativity Theory.

2. Theory of curvature

A connection I" on a manifold M, dim M = n, is usually understood as a connection in the principal GL(n, R)-bundle
of frames (n-beins) over M. The bundle of frames is, however, not an arbitrary principal bundle but is equipped with an
extra structure: the solder form. Due to this structure, a connection defined this way is not an irreducible object but splits
canonically into two irreducible components: the symmetric connection and the tensorial object called torsion. Below, we
propose another definition of the symmetric connection, as a fundamental (irreducible) geometric object. For this purpose
we are going to construct the canonical bundle of reference frames R(M) over M. The connection will be then defined as
a section of this bundle:

r :M— R(M). (1

In other words: connection is a field of reference frames. Once chosen on M, it defines at each point m € M the “privileged”
frame I'(m) € R(M) which will be called the inertial frame at m € M.
The notion of an inertial frame was introduced by I. Newton in his first law of dynamics: “the motion of a freely falling
body is rectilinear and uniform”, i.e. satisfies equation
d2
vk . k —
X< = cltzx(t)_O, (2)
in a privileged coordinates system (x*), which was called “inertial” by Newton.

Nowadays almost forgotten, the above point of view was formulated and then strongly supported by Albert Einstein
who stressed the active role of space and time in physics. He considered existence of inertial frames as a fundamental
property of our spacetime (cf. [3]) in contrast to then dominating philosophy, which was treating it as merely a passive
“stage” in Theatrum Mundi, the place where the whole physics is presented to our eyes.

Originally, existence of inertial frames was meant as a global structure of the Universe. In view of the Special Relativity
Theory, the modern version of the first law must, therefore, be entirely local. Hence, the above “Newtonian” formulation
must be replaced by its “Einsteinian” version: for every point m € M there is a coordinate system (y*) in a neighborhood
of m such that the differential equation describing trajectories of a freely falling body (e.g. a space ship with its engine
turned off) reduces at this particular point to:

¥ =0. (3)

Here, “dot” denotes the derivative with respect to an internal clock (e.g. a biological clock which organizes the life of the
ship’s crew), whereas the Newton'’s version referred to the (nonexistent) “absolute time”.

Eq. (3) can be easily rewritten to another coordinate system (x*) on M. This way we obtain the following equation
of motion of freely falling bodies, valid in arbitrary coordinates (Einstein summation convention is used systematically
here):

4Tt xR =0, (4)

jay
where by F/fv we denote the following combination of transition coefficients between the two coordinate systems
A aXA alya
uv T dy ' Ixkxv

We see that the new coordinate system is also “inertial” at m if and only if the second derivatives in question vanish at
m. This observation justifies the following

(3)

Definition. A reference frame at a point m € M of a manifold M is an equivalence class of local coordinate charts with
respect to the relation “~"”, where two charts in a neighborhood of m are declared to be equivalent if and only if the
second derivatives of any coordinate from one chart with respect to coordinates of the other chart vanish at m:

32 o
(") ~m (y“)w:»( Y (m>=0>. (6)

axHxy
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At a first glance, the relation does not look to be symmetric. But it is easy to check that, indeed, it is a genuine equivalence
relation. The equivalence class of the chart (y*) will be denoted by [(y*)],, and called “a reference frame at m € M".

Given a coordinate chart (x*) in a neighborhood of m, we may parameterize any reference frame [(y*)],, at m by the
following (symmetric by definition) table of numbers:

P 0 Py
mV T gy gxmxy

(m), (7)

where (y*) is a representative of [(y*)],,. It can be easily checked that the numbers Flfv do not depend upon the choice
of a representative. In particular, our reference frame [(x’\ )]m corresponds to the trivial table F,jv = 0. Moreover, the
parameterization is surjective: given a table Flfv there is a unique reference frame at m, namely: [(y*)]n, such that (7)

agrees with this table. Its representative is given e.g. by:

1
yh =X+ zl’ljvx“x” ) (8)
The formula is written for coordinates centered at m, i.e. such that m = (0, ..., 0). Otherwise, x* must be replaced by

(x* —m*), where m = (m*). This way the set of all reference frames R(M) acquires the structure of an affine fiber bundle
over M and (x*, F,fv) are local coordinates on R(M), compatible with this structure.

Given a coordinate chart (x*), a connection (1) (i.e. a section of R(M)) can, therefore, be uniquely described by @
functions: M > m — I'(m) = (Flju(m)) called connection coefficients. It is a simple exercise to derive their standard
transformation laws with respect to any change of coordinates (x*). Coordinates (y*) are called inertial at m for the
connection I if [(y*)lm = I'(m). Our coordinates (x*) are inertial at m for the connection I" if all the functions F,i\u
vanish here.

Due to (8), the connection coefficients (F;fu) obtain a simple geometric interpretation: they describe the quadratic
correction which is necessary to upgrade our working coordinates (x*) to the level of inertial coordinates.

Connection is flat if there exists a global inertial frame, i.e. a coordinate chart which is inertial not just at a single point,
but everywhere. Given a connection I", how to check whether or not it is flat? First, we can choose coordinates (x*) which
are inertial at m, i.e. such that ﬂfv vanish at m. Without any loss of generality we can assume that m = (0,0, ...,0).Is
it possible to “improve” these coordinates in such a way that F;}U vanish also outside of m? As a first step to answer this
question let us try to annihilate also the derivatives Fl:\w(m) = 0, F,jv(m). Is it possible?

Consider an improved system of coordinates:

1
y=x+ EU;‘UKX“XUXK + terms of order higher than 3 , 9)
where coefficients U are totally symmetric: U;)UK = U();w;()' We limit ourselves to such coordinate transformations
because:

1. terms of order O vanish under differentiation (5), i.e. do not influence the connection coefficients F;V;

2. terms of order 1 produce only a linear (with constant coefficients) transformation of F:U and, whence, a linear
homogeneous (tensorial type) transformation of the coefficients Flfw((m): if they do not vanish before, they will
not vanish after such a transformation;

3. non-vanishing terms of order 2 would change, due to (5), the value of I" at m. We try to avoid it because we have
already put Flfv(m) = 0 and we do not want to spoil this.

4. a possible non-symmetric part of U vanishes when contracted with the totally symmetric expression x“x"x*;

5. 4-th and higher order terms produce 2-nd and higher order terms in Flfv and, whence, do not change the value of
derivatives I"* (m) at m, i.e. at x* = 0.

VK

Using (5) we calculate the new connection coefficients f,fv(m). They contain an extra term U/*w,(x". Finally, after
differentiation, we obtain:

r* (m)=r* (m)+ U

VK VK K "

(10)

Using an arbitrqry (but symmetric) tensor Uﬁw we are able to “kill” the totally symmetric part F(fm) of Fljw. The
remaining part, if any:

Ko =T — I, (11)

VK VK JLVK) °

constitutes an obstruction against a possibility of annihilating derivatives of I", i.e. against its flatness. It measures,
therefore, how non-flat, i.e. how curved, is the connection. We call it the curvature tensor.

Definition. The curvature tensor of a connection I" is a tensor which reduces to (11) in inertial coordinates.
3
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It is easy the prove the following, simple

Lemma. Above definition implies the following formula, valid in an arbitrary coordinate system:
A A A
Khse = T = T+ (TAT, = T TE)

VK VK JLVK ) ok v o
A A o
= F/Lwc + Foxl—;tv - (F;wl( + F ok ;w)) : (]2)

Due to the definition, the curvature tensor K is symmetric in first indices and its totally symmetric part vanishes
identically:
Ko =Ko + Kino=0. (13)

VK VLK (nvk

The last identity is equivalent to Bianchi I-st type identity (see (15)).

The above curvature tensor is equivalent to the standard Riemann tensor R};,, : antisymmetrization of K in last two
indices produces R and symmetrization of R in first two indices produces K. More precisely, the following relations are
obvious:

20

s s ) s . s A
Rp.w( = ZK,U.[W(] - K;u(v I<,LLUK ’ I<,LLUK = 3R(/w)/( = _3 ( VK + Rv,uk) ’ (14)
and the identities (13) for K are equivalent to the analogous identities for R:
A A . y
R/LW( = R,uf(v ’ R[MUK] =0. (15)

We conclude that the Riemann tensor Rfm and the curvature Kﬁw provide two different, but entirely equivalent,
representations of the same geometric object. It turns out, however, that the latter is technically much more convenient
for purposes of the General Relativity Theory. This is easily seen e.g. in the fundamental Misner-Thorn-Wheeler
monograph [16], where the fundamental variational formula for Einstein equations (formula (21.20) on p. 500) is written
in a simplified form, because “the boundary term is too complicated...”. A trivial origin of this complication is due to the

fact that the momentum canonically conjugate to I":

e oL oL
P = —— = — (16)
L) - 9K Lk
and the derivative of the Lagrangian with respect to the Riemann tensor:
oL

VK

= , (17)
OR%,,

although related by a one-to-one correspondence, have different symmetries, which obscures significantly the variational
formula. Using (16) instead of (17), the “mutilated” Misner-Thorn-Wheeler formula can be nicely written (see formula
(4.10) in [9]), which constitutes the key step in the analysis of the rich structure of the surface terms in Canonical Relativity
(cf. [2]).

Observe finally, that definition (11) can be formulated in a yet simpler way if we introduce the notion of the higher
order inertiality:

Definition. Given a connection I" on a manifold M, we call a coordinate system (x*) “inertial of order 1” at the point
m € M if it is inertial and if the totally symmetric part of its partial derivatives vanishes at m € M:
rj,(m)= Iy, (m)=0. (18)

KO L

Curvature tensor is a tensor whose components coincide with partial derivatives of I" in any inertial coordinates of
order 1:

K* =r* (19)

KO L KO *

3. Curvature tensors of higher order

The construction presented above can be naturally extended to objects describing higher order derivatives of a
connection. For this purpose we define higher order inertial systems. We use here consequently the notation well adapted
to the theory of jets, namely:

A s
Oy O ey = Tl - (20)
Definition. Given a connection I" on a manifold M, we call a coordinate system (x*) “inertial of order k” at the point
m € M if the connection coefficients and the totally symmetric parts of their partial derivatives up to order k vanish at
m, i.e.

A _ A _ A _ _ A —
Lo (m) = Tcq (M) = Tcq 1y (M) = -+ = L1y (M) = 0. (1)

In particular: “inertial” means “inertial of order 0”.
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Example. Normal coordinates are inertial of maximal order.

Given a differentiable manifold M equipped with a connection I", the exponential map T,,M — M, defined in a
neighborhood of 0 € T, M, is defined by the following formula:

exp(v) = yu(1)

where t — y,(t) is an orthodrome (or “self-parallel line”, or “geodesic line” in case of a metric connection) originating at
m = y,(0), whose tangent vector equals: 7,(0) = v = v*d.

This mapping gives us a coordinate system, called normal coordinates at m. In these coordinates any “radial line”,
i.e. given by formula x*(t) = tv¥, is an orthodrome (a geodesic line), i.e. fulfills equation:

X(t) + O O™ = rF (ef ™ =0, (22)

for every vector (v¥), where “dot” denotes %. The well-known polarization theorem of a symmetric bilinear form implies
vanishing of the connection coefficients at t = 0: I'}¥(0) = 0.
The same argument can be used for higher order derivatives of (22) at t = 0. For example, first derivative of (22) with

respect to parameter t implies:
Lt )'v™" =0, (23)
and, consequently,

F,:;n(O)v'vmv" = I“(’< Op'v™" =0.

Imn)

Due to the general polarization theorem (see Appendix C), we obtain

[n(0) =0 = I}j, (m).

Imn) Imn

Further differentiation of Eq. (22) leads to F(" (m) = 0. Repeating this procedure k times (if our manifold M is

Imni)
differentiable of order k) we prove that the normal coordinate system is inertial of order k, where k is maximal.

Definition. The curvature tensor of order k is a tensor K,g\g Lk such that, in a particular coordinate system which is
inertial of order k, its components are equal to partial derivatives of the connection coefficients:
A L
KKUU-]"'Mk - kafm-“ﬂk ’ (24)
Lemma. The above definition is correct, i.e. K sy EXISts and is unique.

Proof. If a coordinate system (x*) is not inertial at m, then to calculate the components K* Jqeu, ODE has to: 1) choose
an inertial system (y*) of order k and calculate the corresponding components Kg, 818 according to (24) and then: 2)
transform the components back to coordinates (x*) according to tensorial transformation laws. We have to prove that the
result does not depend upon the choice of (y*). Consider, therefore, another (inertial of order k at m) system (z**). Without
any change of generality, we may assume that both systems are centered at m, i.e. m = {y* = 0} = {z* = 0} because
I"’s do not change under the translation of coordinates: z*@ —> z* + const. Also, we can assume that the following:

7
A = g;a (m) (25)
is a unit matrix: A%, = 8. Indeed, if the condition is not satisfied, we can define a new system
j"/)\. — Akaya
which is also inertial of order k at m because such a linear (with constant coefficients) change of coordinates implies a
tensorial (homogeneous) transformation of components I'* . The above remarks imply that we can limit ourselves

‘ . KO ;
to the case when the Taylor expansion of the coordinate transformation between those two coordinate systems assumes

the following form:
1~
z*=yk+zamﬁlmﬁn yPryPn (26)
n>2

where U’s are constant matrices, totally symmetric in lower indices.
In order to simplify our analysis, we can equivalently assume that our coordinate transformation (26) is a subsequent
superposition of transformations of the following shape:

1
2=y + Eukﬁl_”ﬁn cyPr L yPn (27)
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where n assumes subsequent values: n = 2, 3, .... It is easy to see that such a transformation does not change the value
of components I, g, (1)) for k < n — 2, whereas for k = n — 2 it implies the following transformation of derivatives
of I':
rk (m) — I (m)+ U} (28)
KO- ik KO L1k KO-k

Hence, for n = 2, transformation (27) violates the inertiality condition (21) at k = 0 if U’\ﬂ] 5 # 0, which the subsequent
transformations corresponding to n > 2 cannot repair. For n = 3, transformation (27) violates the inertiality condition
(21)atk = 1if U’xﬁ]ﬁnﬁ3 # 0, which the subsequent transformations corresponding to n > 3 cannot repair etc. We
conclude that if both systems (y*) and (z*) are inertial of order k, the matrices U vanish identically for n < k + 2 and,

therefore, the components I'* - are identical in both systems. Hence, their tensorial transformation to an arbitrary
system (x*) gives identical result K} pyme O

Corollary. The curvature tensors fulfill the symmetry identities, analogous to (13):

X X

KKU#] ik Kw)m Mk _Kka(m k) (29)
A _

Kicopy = 0- (30)

Remark. In case when (x*) are inertial of order (k — 1), formula (28) implies that (24) transforms to the following form:

A s A
Kmm Mk Ff«rm Mk F(Kffur--uk) : (31)
Theorem. When expressed in terms of I'’s and their derivatives, the curvature tensor of order k has the following form:
K iose = Tompiroe — Ticouy ) -+ F(lower order derivatives of I7), (32)
in an arbitrary (not necessarily inertial!) system of coordinates (x").
Proof. To calculate K sy, WE have to find first an inertial frame (y*) of order k. For this purpose we can use again a
superposition of subsequent transformations (27) for n = 2, 3,..., k + 2. To annihilate I’ (m) we must use n = 2 and

put
Ul =T/ (m).
To annihilate Fﬁg (m) we must use n = 3 and put

Ut = FW)( ),

KO L

etc. Finally, to annihilate F*

(ko puq-- uk)(m) we must use n = k + 2 and put

A —
Ukam e T FW#] uk)(m)'

As noticed in the previous proof, the subsequent steps do not spoil the result of annihilation obtained in the previous step.
However, the transformation number n changes the value of I'"* i m(m) for | > n — 2. It is easy to see that this change
produces an extra term depending upon derivatives of I" of order lower than I. We conclude that after the transformation
number n = k+ 1 the value of FK)\W m( ) differs from its original value by an expression containing derivatives of I" of
order lower that k. Finally, transformation number n = k + 2 produces the change described by formula (28). Hence, the
final value of I}, ey (m) is given by the right hand side of (32). This ends the proof because the tensorial transformation
between (y*) and (x*) at m is a unit matrix, see (25). O

Example 1. The curvature tensor of order k = 1 is simply the curvature tensor tout court:
A A A A
K* =r* — Fw el W A FV ) (33)

Ko W KOl yu' ko y(n® ko)

Identity (30) is the 1-st type Bianchi identity.

Example 2. The curvature tensor of order k = 2 equals:

5 5 1 1
K/?o,uv = 8v K;?Lou + Sv K/?Lov - SV K/);VK - SV Kﬁva (34)
A S A A
= Fl((r;w - Fkrr/w + ZFK); vF;t ZF)I:(TUF/t + FZGFMV
A A A A
— FJVI—'W)/—}—4F mF;fu ZFVK MI—'VV 21—‘)/0 MI—'UV
+ I (T Ty = T T) + 40 T8 T — 4T, Ty Iy

6
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see proof in Appendix A. Formula (A.1) of this proof implies the following expression for first order covariant derivatives
of the curvature tensor:

Kl = Vil = Koy = K = 5 (2Kl = Kl = Klr) (35)
Using it we can calculate covariant derivatives of the Riemann tensor R}, = —2K/;

Reowie = ViReor = =Kl + Kivoy- (36)
Corollary. Above formula is equivalent to the 2-nd type Bianchi identity:

Riiovi = :1,’ (Rt + Ry + Revuie) = —Kiiovy + Kiyory = 0- (37)

Definition. In case of an arbitrary order k, identity (30) will be called the “Bianchi identity of order k”.

It turns out that these identities contain all possible identities satisfied by covariant derivatives of the curvature (i.e. also
Riemann) tensor. This is due to the following

Theorem. Every k-th order covariant derivative of the curvature tensor K = can be expressed as a (non-linear) combination

KO';I.

of the components of the curvature tensors KKW1 L up to order | = (k + 1).

Proof. Taking into account formula (33), the derivative V,,, - - V,L]Km uisa (non-linear) combination of the connection
coefficients I and their partial derivatives up to order [ = (k + 1). When calculated in an inertial coordinate system of
order I at the point m € M, these derivatives become curvature tensors (see (24)). Hence, the thesis has been proved in

inertial coordinates. Once established in inertial coordinates, this tensorial identity remains valid universally. O
4. Covariant jets of a connection
In the previous section we have used transformations of coordinates:
yh=x"+ %Ukﬂ],_.ﬂn xPr P (38)

for n = 2,3,... and noticed that for k = n — 2 they imply the change (28), whereas for k < n — 2 the quantities
rk i1, (M) do not change. Since u* 1..pa 1s totally symmetric in lower indices (or, at least, only its totally symmetric
part survives in formula (38)), this observation implies the following simple

Corollary. Given a symmetric connection FA in a neighborhood of m € M and a natural number k, there is a coordinate

transformation such that the coefficients (1“A

Ko’

)\. )\’ . .
Loy -+ F(mm-~-uk)> assume an arbitrarily chosen value at m.

Such transformations play role of gauge transformations. Of course, they do not change tensorial quantities like

curvature coefficients (K, .. K}y, s -2 Ky ) A M=(0,...,0).

Theorem. At each spacetime point m € M the quantities

A A A i A
(Kwu’Kmuwz Kmm U FKU’FWTW "F(wm---uk))

can be used as global coordinates in the ﬁber]mR(M) of the bundle J*R(M) of k-th jets of sections of the bundle R(M) of local
reference frames in spacetime M. (Sections of this bundle are simply symmetric connections in M.)

In other words: k-th jets of a connection (I“" r- .....r’ ) split in a natural way into classes of gauge-

Ko L Kkop? s D ko

equivalent jets. Each class is uniquely characterized by the collection of curvature tensors (KK*U o Ky P LK Ly Mk)

Within each class quantities FKJ, qu ., I“(ﬁa g ) €AN be used as global coordinates. They play role of “gauge

parameters”, as they can be arbitrarily changed by coordinate transformations (38). Hence, the complete “gauge invariant”
information about the k-th jet of a connection is carried by the curvature tensors (K, o K g’ K » ) Collection
of curvature tensors up to degree k can be, therefore, treated as the k-th “covariant jet” of I". But tensors. do not change
under above gauge transformation. Hence, a combination of /™’s and their derivatives which turns out to be a tensor cannot

depend upon gauge parameters. This observation can be summarized as follows:

Proposition. A tensor-valued function F on the jet bundle J*R(M) does not depend upon gauge parameters (FKAU, Fﬁg I
)\‘ . . . )\. _ .
Ieo . Mk)), i.e. is a function of curvature tensors K., g [=0,1,...,k exclusively.

7
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In particular, consider the affine variational principle for gravitational field. It is a first order variational principle for
the connection I'. Its equivalence with the metric variational principle, based on the Hilbert Lagrangian function, was
proved long ago (see [9] or [11] for an easy, heuristic introduction). The affine Lagrangian function depends upon the first
jet of the connection. However, to be gauge invariant, it must be constant on classes of gauge-equivalent jets, i.e. must be
a function of the curvature: K}, , or, equivalently, R}, ,. We see that the same is true for a higher order affine variational

formula: its Lagrangian function may depend upon the covariant jet of a connection, exclusively.
5. Main result

Above considerations lead us to the main result of this paper:

Theorem. Every higher order curvature tensor K g k > 1, can be expressed as a (non-linear) combination of the (1-st
order) curvature tensor K} and its covariant derivatives V,, ...V, K} ., up to order | = k — 1. Moreover, this expression is

linear with respect to the highest order derivatives (i.e. those of order | = k — 1).

The thesis is based on the following lemma, whose proof is highly technical, although it does not go beyond the linear
algebra and is presented in Appendix B:

A

Lemma. For every k > 1 there is a unique, linear combination S P

that

. . . )\.
of covariant derivatives V,,, ...V, K¢, . such

Séaurwk = FK’\(,M,M — F&(,M,,Mk) + f(lower order derivatives of I"), (39)

in an arbitrary (not necessarily inertial!) system of coordinates (x*).

Proof of the Theorem. Suppose that the thesis is true for k — 1, like it is for k = 1. Due to formula (32), the tensor

K* s (40)

KOyt~ DKoyt
contains I™'s and their derivatives of order I < k — 1. Hence, due to proposition, it is a function of parameters
(KK’\W, G I(,?W],_,Mk_l). Hence, the thesis is true also for k. O

Example 3. The curvature tensor of order k = 3 is equal to:

3
Kl = = [6 (Vo VoKl + Vi VKL, + Vo VoK,

KO vy 40 KO L KoV Koy

= (Y Vork e + Ve VKo + Vi VoK)

VK o VYK

+Vi VM)ija + V(VVU)K;M + Vi VV)K;’“’)]

K Z‘U)a

3 A
~ %0 [23 (K

A
ka(y + ch

o o A
Ot()’KMV)K) - 37KKU(MKV}/)‘¥

o A o A
=2 (KGon Koo + Ko K )] - (41)
Using formula (B.16) (see Appendix B), the above identity can be proved by long but straightforward calculations.

6. Conclusions and discussion

The mathematical object introduced in this paper, namely the “local reference frame” realizes, in our opinion, the
fundamental intuition of Albert Einstein concerning the active role of space and time in physics. Einstein himself repeated
this idea many times, in many scientific papers and newspaper articles, using the only mathematical structure which was
at that time available to him, namely the Levi-Civita metric connection or its slight generalizations due to Weyl or Cartan
(cf. [4]). Nowadays, we understand that the connection is an autonomous, geometric object, and not necessarily a property
of a metric structure. In mathematics, “linear connection” was rigorously defined by ]. L. Koszul or, equivalently, by
K. Nomizu as “connection in a principal fiber bundle” (inducing immediately linear connections in its associated bundles,
cf. [15]). When applied to spacetime and its tangent or cotangent bundles, these definitions lead to the notion of a non-
symmetric connection, which is not an irreducible object. This is due to the fact, that the tangent bundle (or, in general,
any tensorial bundle) carries an additional structure, called the solder form. Due to this structure, the non-symmetric
connection splits canonically into two different, irreducible objects: a symmetric connection and a certain tensorial field
called torsion. In this paper we have defined symmetric connection as a field of inertial frames. This definition is, in our
opinion, an adequate, mathematically rigorous formulation of the original idea of A. Einstein.

On the other hand, physical theories of gravitation based on non-symmetric connection have been considered already
in 20’. They are known as the Einstein—-Cartan—Kibble theories or theories “with torsion and spin”. (These theories were later
analyzed by Sciama, Kibble, Trautman and others, see [1] and the references herein). Our approach can be easily applied

8
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to such theories if we only acknowledge that variation of the Lagrangian with respect to a non-symmetric connection is
equivalent to the variation with respect to the two independent objects: 1) the symmetric connection (i.e. with respect to
the field of inertial frames) and 2) the tensor field representing torsion of the connection. These results will be published
SOON.
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Appendix A. Second order curvature tensor

To show that formula (34) is correct, we claim that there exists a unique tensor K v fulfilling the following identity:

1
VKl = = (2K = Ky — Ko ) (A.1)

KoV 3 KOV VOK [ VKO [L

and that this tensor is precisely the second order curvature tensor K as defined by (34).

Kovu?

Proof. In order to prove uniqueness, observe that the symmetrization of (A.1) in the indices u and v gives us:

N 1 1 1

A A 1 A A A
BVM)KKU(V = ZKKUV,U, - E <vm(p. - §I<UKU/,L - EKMO'KV - EKp.Kav . (AZ)

But, taking into account the symmetry properties of K, we obtain:

1
0=Kipp) = 2 (4K}, + 4K}y + 4K, +4K) + 4Ky 44K )
or, equivalently
K/?pwv + K/?vop. + I<ZZUK\J + K\?\ok,u. = _K/?ov,u, - 1<3/LKU . (AB)
Plugging this into (A.2) we obtain
5 1
A _ A A
3VM)KKG(V - §I<KO'V,U, + §I<V;LKO' . (A4)
Exchanging (ko) with (vu) we obtain:
5 1
v 2 72
3VK)I<,U,U(O' - 21<1)[u(0' + ZKKUV;/_ ’ (A5)
and, whence:
3 5 1 12
3VU)I<3(7(I) - EVK)K;_LU(U = (5 - E) K/?Lo*vu = ?K/?(rvu ’ (AG)
which is precisely (34).
In order to prove existence, it suffices to show that the tensor
N/?rruu = 3vl/vKl?m) - (21<I?(TU/,L - I<3(TK;/_ - I<3KUM) ’ (A7)

where K is defined by (34), vanishes identically.
To this end, observe that (A.7) is symmetric in the first pair of indices: N(*m)w = N,?MM, and fulfills Bianchi identities
of the first and the second type

N} Nliguu = 0. (A.8)

(kov)w — 0 ; klovu

But we know already that the symmetric part N;\U(V ) of N vanishes. Hence, N is antisymmetric in the last two indices:

N? =N*

kolvu] Kovu *

We shall prove that N must vanish identically. Indeed, first Bianchi identity (due to symmetry) reads:

s s s
Nfcov,u. + choy. + Nawcp. =0 ’
whereas second Bianchi identity (due to antisymmetry) reads:
s A s
Nfcov,u. + NKMUU + N/(vua =0.

Their combination gives us:

N* 4+ N =N* 4 N*

VKO L OVK L KOV Kvpo
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or, due to symmetry in first two indices and antisymmetry in last indices,
A A A
NO’])K,LL Nk;ufv - ZNKVHU .
Exchanging (« <> o) and ( <> v) we obtain:
A A A
NK/wv N(TUK/L = 2N(T,U.W( ’
and the sum of these identities implies:
A A
0= N/cvu(r + N(r;uu( .

Finally, symmetrization in « and v gives us the thesis:
0=Nyuo +Nopey =Nipo - O

(kv)uo o u(vk) KVuo

Appendix B. Algebra of highest order derivatives of a connection

Proof of Lemma.

V VMI(I<I£LO'M,] = allz o a (FK)LU/.l,l - KO'M,] ) +f(l o.d. F)
1

A A A A

- FKU!‘«]MZ ne g ( KOk + Fﬂl’“’ﬂz Mk + FUMIKMZ Mk) +f(10d F)
2 A 1 A A

= §FK”H—1/L2"'M< - § (Fkli](fxl-z-uuk + F(rulf(uz---uk) +f(lOd F) s

where “l.o.d.” means “lower order derivatives of’. Because the totally symmetric part of both sides vanishes, we can
replace every I by its “totally-symmetric-free” part, which we denote by:

mmuz Mk
7 _ A
Kwﬂlﬂz Mk T FKU#]Mz"-Mk F(KUM]Mz"-Mk)’ (B.1)
which gives us, modulo lower order terms on both sides:
2 1
A _ L Y e A
Dy *+ I Kou, = 3IC"GM1M2~~W< 3 (’CK/‘IUILZ"'Hk +KU#1K#2"'V«I<) : (B.2)
We see that our problem has been reduced to the following linear problem: is it possible for k > 1 to solve above system
of equations with respect to quantities K _ sy i all the derivatives 9, - - - 9, S 4, are known?
To prove solvability we define:
A — —
Licopyepme = SYMyuppy (8/L2 3ﬂk’Cmm) ’Cm (11, - pg) * (B.3)

Observe that £ and K satisfy the same identities as the curvature tensors do, i.e. (29) and (30). Combining the definition
with (B.2) we obtain:

k
2 1
A _ S _ E A E
EKU'HI Mk T 3’CK0H1"'MI< 3k ( KKIL,/J.]"'A'H}L’(O' + ICO';L,}L]"'/\~'~;LkK) . (B4)

i=1
But, identity (30) reads:
(k+2)k+ 1)

_ A _
0= - Klows-m = (B.5)
k k
— ir 28 A
= Koy + 2 Koo D Egireonee ¥ D ’Cu,u]ul--~A-~-A-~-u,<Ka (B.6)
i=1 j=1 J i<j J

and, consequently:

A s
Z ’Ckulm-w-#ka + Z KUV-}#]"‘/\"'#M = Keouyme T Micopuyop > (B.7)

where M has been defined as

A —
Mwu] e Z uzuju1~w~w~ukw‘ (B.8)
i<j i
Inserting (B.7) into (B.4) we obtain:
1
mm Itk ( 3k> oy T 3k Mwm e (B.9)
s
3RE o gy = DKKUM Ik +Mmu1 T (B.10)

10
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In the next step we are going to prove another identity for the same quantities, namely:
A
3"2 [’uzwm~~~A~~A~-ukw = (k- 1)’CKUIH + (k+3)Mm wm Mk (B.11)
i<j i

Comparing the two identities we can eliminate M’s. This way we obtain the final result:

3k (k + 3)££0M1 Bk Z ’cziﬂjﬂl"'A“'A"'l‘«kKU (k + 1)(1( + Z)Ktoul ke’ (B.12)
i<j t
or, equivalently,
K __ 3k (k+3)c -> (B.13)
KOyl Z(k—l- 1)(l<+2) KOy Mill«jﬂl"'/i\"'?"'#k’(ﬂ ' '

i<j

What remains now is the proof of identity (B.11). For this purpose we apply the procedure “ij" to Eq. (B.10) and obtain:

3"2 Elh#«jﬂl"'/\"'/\"'ﬂk"” = (2k + )M Krrm Mk + Z Mmujm"w-w--ukw : (B.14)
i<j i i<j i
We are going to prove that the last quantity is a combination of K%, sy AN M upe Glven two indices i < j, we

have according to (B.8):

A } :
M/’«il‘«jltl"‘/}"‘/}"'IleU - Kff/tl o T ]CKMIMI"'/\"'HkU
L)

i£lI#]
A )
+ E R E ICMW”M],_.A__.Q__MW.
il ! Lng{i j) !
I<n
But:
E : — § : _ h s
K’”“U“P'A“' ’CKMM"'A“'MU ’CKMM"'A.-"MW Kkuju1~~-/>~'-uka
i£l#] [ i j
A _ A ek
Z Kot = 2 :’Camur-?mnw ’Coufxtrmwukk quurmmuw
i£15£] i j
Finally:
Z K#l#n#]"'A"'A'"MkKU = ZKH«W«HIH ep KK O
Lngfi.j} I<n n
I<n

Z s
ICMiNan'“A"'A"'MkKU + ’Cuiﬂjﬂl"‘A"'A"‘“k’“’
i n i

n#i
A
Z ’Cum]m~~?~~~4--~uklm + Kwt;m~~~4~--4~--M:<KU
1] j i
A

T NS I L
L

and, whence:

_ _ A
Z K#l#nﬂ]"'A"‘A"‘MkKU Z’Cll«l#nﬂl A CATHEkKO Z’Cﬂiﬂnﬂ1"'A“'A“'ﬂk"0
n n i n

n¢{i.j} I<n n#i !
I<n
-> K + K
L RN Y L RN
I# J t
Using identity (B.6) we obtain:
s A A
MMiﬂleal"'A'"‘/_\"'lJ«kKU - ’CKV-:MI“'/\'"MkU K:Kﬂjﬂl'"A_'",U-kU
L J
A s
’CG/L,/L1-~A--MK ’CO—UJFL‘I'"A""”I{K
- 2K Y +
Mll’vnﬂl"'/\"'/\"'#k’(ﬂ (ISR Y kKO Ml:“’jﬂl"‘/\"‘/\"‘l’-k’“"
n##i I#j i i

11
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and, whence
A —_ -
ZMﬂi/‘vjlf«l"'A."'/}"'ILkK” - Z il - w A ko
i<j b i

k_] Z’Cltxunm A A ltkKﬂ+ZK/LxH]M1 /\ /\ CHkKO
n#i i<j

= k _ 1 (Z ]CKIL H]...?...ng + Z }Coulu1~-'/\"'MkK>

i<j i

Using identity (B.7):

—s A
ZK + ZK = Koy + My

we obtain:
_ A
ZMMMJM AA kT T (k — 1)( KO L[k +MKUM1‘“MI< (2k—3 Z’Cmmm AT KO
o i i<j i
= (k - 1)’Cﬁ(ru1--~uk - (k - Z)MI);UM]"'P—k .

Putting this into formula (B.14) we obtain:

3"2 Euzuju1-~~A~~~A~~ukw = (2k+ 1M Kffm e T Z MM:MJ#]"'/\"'/\"'H}(KU
J

i<j i<j
= (Zk+ DM gy + (k=1 )’Ciam e~ (k= 2D Mgy
= (k— 1);<:¢W1 e T k+3)M Kaﬂl e

which ends the proof of identity (B.11) and, consequently, of the final formula (B.13).
To complete formally proof of the lemma we define

A o A
LKU/,L] Uk T Symﬂ]'"ﬂk (V v#kI<Ka/L1) ’ (B15)
analogous to (B.3) and
3k
2 _ A )
Koy m (k+ 3)LKO—M] g Lﬂiﬂj#]"‘@"‘@“‘ﬂk“" s (B]G)
i<j v

analogous to the right hand side of (B.13), which implies the thesis (39).
Remark. Both formulae (34) for k = 2 and (41) for k = 3, follow from (B.16).

Appendix C. Polarization theorem for multilinear forms

Theorem. Let B : VX — R be a totally symmetric, k-linear form on a vector space V. B vanishes on the diagonal if and only if
it vanishes identically:

B(u,u,...,u)=0 — B(uq, uz, ..., u) =0
~———
k times
for an arbitrary set of k vectors uq, u,, ..., U.

Example. For k = 3 the thesis is implied by the following polarization formula:

6B(x,y,z) = Bx+y+z,x+y+z,x+y+2)
— Bx+y,x+y,x+y)—Bx+z,x+z,x+z)—By+z,y+z,y+2)
+ B(x, x,x)+B(y,y,y)+ B(z,z,2),
12
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in strict analogy with the algebraic identity:

6xyz=x+y+z° —x+y’ —(x+2° -+l +x*+y> +2°.

In case of an arbitrary k the proof follows the same pattern.
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In this paper, we prove that the gravity theory based on a generalized Lagrangian density,
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Keywords: Curvature; Riemann tensor; theory of connection; Jet theory; general rela-
tivity theory; variational principles.

Mathematics Subject Classification 2020: 53A45, 53A55, 83C40, 83D05

1. Introduction

To find an appropriate description of the “dark matter” and/or “dark energy”,
many authors consider recently generalizations of General Relativity Theory based
on “nonlinear Lagrangians”, i.e. Lagrangian functions depending in a nonlinear
way upon the curvature tensor. The particular case of a Lagrangian L depending
nonlinearly upon the scalar curvature R or even the complete Ricci tensor R, ,
but not depending upon the Weyl tensor, was considered by many authors (cf. [1]
and [2]). Probably, the first, physically well-motivated proposal of such a theory
was the nonlinear “R?”-Lagrangian proposed by Sacharov (see [3]). It belongs to
the family of “f(R)-theories”, where L = /[g|f(R) (see also [4]).

Mathematically, these theories are equivalent to conventional version of Gen-
eral Relativity Theory, interacting with extra matter fields. For f(R)-theories, this
equivalence was proved already in 1987 (see [5] and [6]). Later on, this result

was extended to Lagrangians depending upon the Ricci tensor (see [6] and [7])
A

and, finally, to those which depend upon the complete Riemann curvature R,

(see [8]).

tCorresponding author.
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In this paper, we prove this remarkable universality of the standard General
Relativity Theory in a much broader context, namely when the Lagrangian func-
tion depends also upon higher-order covariant derivatives V,, - -V, R}, of the
curvature

L= L(R)

KOV

VRN VNV Ry N N R ). (1)

ROV KOV ROV

The idea of the proof is based on the so-called “Palatini method” of variation,
where the metric g and the connection I' are treated as a priori independent geo-
metric objects. Unless in case of the classical Hilbert Lagrangian density, where
variation with respect to I' produces the metricity equation

V/\g,w =0, (2)
as one of the Euler-Lagrange equations and, consequently, implies the simple rela-
tion between metric and connection

1
A
P‘“’_E

in case of a generic Lagrangian density L depending upon metric, curvature tensor
and (possibly) its covariant derivatives, the zero on the right-hand side of (2) is

g)\n(avgﬁu + augm/ - 8;@9#1/)7 (3)

replaced by a complicated combination of these quantities and, whence, connection
I' is no longer the Levi-Civita metric connection (3). Naively, one could conclude,
that the resulting theory is not equivalent to the original theory, when metricity of
the connection is assumed a priori, i.e. when I' is nothing but a shortcut combi-
nation (3) of the metric g and its derivatives. Such a conclusion is, however, false.

o
Indeed, decomposing the nonmetric connection I' into the metric connection I" and
the remaining tensor field

oA
A A
FMV =L +N/w’

we can rewrite the entire theory in terms of the metric tensor interacting with the
new “matter fields” described by the non-metricity tensor field N. Moreover, we
have been able to prove that the interaction between metric and this new matter,
implied by the resulting theory, is that of the conventional Einstein theory. It turns
out that in case of the Sacharov Lagrangian density (i.e. containing the term c- R?),
as well as in case of any other “f(R)” theory, the entire information about N
is carried by a single scalar field (see [5] and [6]) and, whence, such a theory is
equivalent to the conventional Einstein theory, where the metric field interacts with
a scalar matter field. The only non-universal aspect of the theory is the specific
matter Lagrangian density of this new scalar field, uniquely implied by the original
Lagrangian f(R).

The above construction has been well described for a generic Lagrangian density

A

depending upon metric, the entire curvature tensor Ry, ,

and, possibly, some matter
fields in paper [8]. What remains is, therefore, to prove that the higher-order theory

(i.e. theory with a Lagrangian density depending upon derivatives of the curvature)

2250111-2



Universality of Einstein theory

can be equivalently rewritten as a first-order theory (i.e. theory with a Lagrangian
density depending upon the curvature and — possibly — additional “matter fields”,
without dependence upon derivatives of the curvature). Such a procedure of “low-
ering the differential order” of the theory, where the higher derivatives are treated
as new variables, is standard in the analysis of partial differential equations. What
is, however, new and original in our present approach is that such a “lowering order
procedure” can be performed in a way which respects: (1) the variational character
and: (2) the diffeomorphism-invariance of the theory.

2. Variational Principle as Symplectic Control Theory

Consider a Lagrangian density L = L(p®, %) depending upon a one-parameter-
family of fields

QOK = QOK('%'M7 6)7

where (z#) are spacetime coordinates and

K K
Y\ =0
Traditionally, derivative with respect to the parameter € is denoted by o
d
0= —. 4
P (4)
Operator 6 obviously commutes with spacetime derivatives
K K
oy, = 009",

(this simple observation is sometimes upgraded to “the fundamental lemma of the
calculus of variations”). However, calculus of variations is based on the following

identity:
oL oL
0L = —— §f + 7= 5
DK ¥ +390§( A
oL oL oL
— [ 2 9 ) s 0y [ 6K 5
(&oK Aﬁs@f) ot A(f‘k@ﬁ( i ) (5)

the first term of which will be referred to as the volume part and the second one
as the boundary part. Traditionally, one neglects the boundary part because, when
integrated over a volume O and imposing boundary conditions on its boundary
00, we have 6p¥|y0 = 0. This way one derives the Euler-Lagrange equations
(second-order partial differential equations in variables %)

OL oL
9y =0 6

as the necessary condition for the extremum of the functional

Fie /VL. 1)
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For example, Misner, Thorne and Wheeler in their monograph [9], otherwise excel-
lent as an introduction to General Relativity Theory, calculate the volume part
of the variation of the Hilbert Lagrangian density and then provide the following
statement (see [9], p. 520, just above their formula 21.86): “Variation of the geom-
etry interior to the boundary makes no difference in the value of the surface term.
Therefore, it has no influence on the equations of motion to drop the term (21.85)”.

The term which is dropped there is precisely the surface term, which was never
calculated in this monograph (cf. also [10] for more details).

This procedure — working perfectly for elliptic problems, where one really needs
to “optimize” something (i.e. the potential energy of a freely hanging chain) — is
entirely false in case of dynamical (i.e. hyperbolic) theories. Generations of theo-
retical physicists learned already that there is no extremum, but only a “saddle
point” in the hyperbolic case (“integration over trajectories”, or “Feynman inte-
gral” quantization method, is based precisely on this observation, which implies that
the classical trajectory — i.e. the stationary point — gives the main contribution
to the Feynman integral). But the very difficulty lies elsewhere! Namely: imposing
boundary conditions is forbidden in hyperbolic theories. This means, that there is
no solution of Eq. (6) for a generic choice of boundary data! To convince oneself
that this is the case, it is sufficient to consider wave equation in a two-dimensional
spacetime.

The simplest method to give meaning to classical procedures used in field theory
is to work “on shell”, i.e. to restrict oneself only to those jets of the field ¢ which
fulfill field equations (6). This means, that — instead of neglecting the boundary
part of (5) — we neglect its volume part. This way, (5) is no longer an identity but
becomes an equation

oL
SL(™, o%) = O <W590K>
A

= (OapR)6™ +pg 0%, (8)

where the canonical momentum p 2 has been introduced as a shortcut notation for
the following expression:

o= oL
K. 8(p>\K-

(9)

We see that the system of first-order partial differential equations (8) for the vari-
ables (o, pR) is equivalent to the second-order Euler-Lagrange equation (6), writ-
ten in the following form:

oL
Ok’

together with definition (9) of momenta. This way, at each spacetime point m =

NI (10)

(z#), field equations (8) can be considered as a symplectic relation (i.e. a Lagrangian
submanifold) in a symplectic space Py, parameterized by the following “generalized

2250111-4
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jets” of fields: (¥, X, pR, ik = O\pg). Mathematically, this approach was rig-
orously defined in [11] and [12], but its strength consists in the fact that it is very
well adapted for practical calculations in the canonical and Hamiltonian formalism,
together with description of constraints. Practically, it is based on splitting canon-
ical field variables into two groups: the “control parameters” (those which appear
under the sign § — in case of (8) these are configuration variables o’ and the “veloc-
ities” ) and the “response parameters” (in case of (8) these are momenta p
and the “currents” j¥). Field equations are then treated as the “control-response
relation”.

This technique was informally present already in classical texts by Lagrange,
Caratheodory and other pioneers of the calculus of variations and classical thermo-
dynamics. As an example, consider the classical formula

ou oUu
5U(V,S)——p5V—|—TéS(:>p——W, T—%, (11)
which selects the two-dimensional subspace of all physically admissible states of a
simple thermodynamical body, as a Lagrangian submanifold within a four dimen-
sional symplectic manifold parameterized by (V,S,p,T) (volume, entrophy, pres-

sure, temperature) and equipped with a canonical symplectic form

w=—0p AoV +3dT NS. (12)
Similarly, classical mechanics can be formulated as a symplectic relation
d oL oL
0L(q,q) = —(pdq) = po 0g &= p=—; = — 13
(¢.9) = 3 W00) =Poa+pdg = b =35 p= 5 (13)
with respect to the canonical symplectic form
d
w:E(ép/\(Sq):&i/\éq-!—(Sp/\éq'. (14)

Classical Legendre transformations: Transition from the Lagrangian to the Hamil-
tonian picture in mechanics, and transition from adiabatic to the thermostatic insu-
lation in thermodynamics, are simply described in this formalism as an exchange
between control and response parameters (7" versus S in (12) and p versus ¢ in (14)).

3. Higher-Order Variational Principles
Higher-order Lagrangian density

L= L{o™, 01 s Oz > Py ) (15)

where
SOlffl“'/uc = 8#1 e BMRQDK’ (16)
with £ = 0,1,2,...,n, gives rise to the nth-order variational principle which,

naively, can be formulated as a first-order variational principle, with the (n — 1)th
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jet of the field ¢ taken as the configuration variable. Hence, independent field vari-

ables are gpffl , with £ = 0,1,2,...,n — 1. Following the “on-shell” techniques

ik
presented in Sec. 2, field equations can be derived from the following symplectic

relation:
by gy — A
SL(o%, .. .,goffl...un) = O (pp o™ + p 5@5 e ph 5g0ff1...un_l)
A
= (OapR 6™ + (P + 0D ) S0l

el 1A
b (PRI R Onpl ) Sk

B —1
W1 K
+pK 6@;51---;/,”7 (17)
or, equivalently
oL
H1 e fin
P = —— 18
oL
PRI Ol = e (19)
Nl"’ﬂn—l
= (20)
oL
P + AP = oF (21)
)
oL
DK = = 22

Inserting successively first equation into the second one, second into the third, etc.,
we finally obtain the Euler—Lagrange equation

oL oL oL oL

0=——" -0 +0,,0, Fo (=)0, 0 (23)

% Ok N i AR
890 Ggou agpmu«z awul...ﬂn
together with the definition of all the conjugate momenta (p-, pi2"*, ..., pht""").

There is, however, one subtle point is this formulation: the corresponding
“symplectic” structure is not symplectic because it is degenerate. However, this
degeneracy can be simply removed via an appropriate symplectic reduction. This
construction was mathematically rigorously analyzed in paper [13]. It was proved
that the simplest way to perform this reduction is to impose the total symmetry to
all the momentum coefficients

f1 ik

P _ p([éLl"'Hk). (24)

A priori, only the highest momentum (i.e. for & = n) fulfills the total symme-
try condition, implied by Eq. (18), whereas lower order momenta can contain also
a non-symmetric part, which does not influence the field evolution (i.e. Euler—
Lagrange equation (23) was derived without any symmetry condition). Hence, sym-
metry condition (24) plays role of a gauge condition, which enables us to represent
uniquely physical state of the field in terms of positions and momenta. Generating
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formula (17) together with the gauge condition (24) define uniquely the canonical
(Hamiltonian) formulation of a field theory defined by a higher-order variational
principle. (cf. [13] for details).

In the theory of gravity, the role of configuration variable is played by the

connection: ¢ = T’} . Consequently, the corresponding momenta Py7#* " will

be symmetric in indices (1 - - - fig)-

4. Lowering Order of the Theory

Every system of partial differential equations can be treated as a system of first
differential order if we treat higher-order derivatives as new field variables. This
trivial observation can also be applied to variational principles. For this purpose, it is
sufficient to perform the Legendre transformation between highest order derivative
and the highest order momentum. For this purpose, generating formula (17) can be
rewritten as follows:

SL = (Orpy)dp™ + (e + 8}@%‘)5@5 4. +p‘;;“'“"*15<pf;.,_un_l

IR nflA
+ ORIl ), (25)

and the last term can be transformed as

1A el —1 A
(Pl sl ) =0 el L )]

1A
— O (@ OD ).

The complete differential

SloN(ph ol )]

1 lp 1oy —1 A
= 0P T oy i) 01O T ) ] (26)

can be put on the left-hand side and this way we obtain the new Lagrangian density.
It is, however, worthwhile to perform this operation in two subsequent steps:

Step 1: We define an auxiliary generating function

L™, 0o PR ) = L0 0 ) = PR 00 s (27)

where the highest order derivatives goffl ..u, O the right-hand side are defined by

Eq. (18) as implicit functions of remaining variables of the function L. After this,
first step equation (17) gets transformed to the following form:

SL(™, . ot PR
= (OapX)I0™ + (P + a2 ) 50k

el el 1A i
_|_+(pMK1 Hn—1 —|—a>\pl;<1 =1 )590/5(1"'an1 _(pﬁiun(sp/;{l a . (28)
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The last term of the above expression implies the following field equation:

oL
K
Plasen = gy (29)
dual (and equivalent) to the first field equation (18).
Exchanging “velocities” gpffl 4, With momenta phtH is exactly the same Leg-

endre transformation as the one when passing from the Lagrangian to the Hamilto-
nian picture in mechanics: —H (g, p) := L(q, ¢) — p4, where ¢ on the right-hand side

are defined as implicit functions of (g, p) by equation p = %—5. The latter becomes

then equivalent to ¢ = %—I;.

Step 2: Putting the last term of (26) on the left-hand side, we obtain the final
Lagrangian:

. . =~ 1A
‘C(SOK’ t "SDIIL(l"'anl’plI? ! ’8pl;{1 ! ) =L - (8>‘pl;{1 e )(’O.ﬁ(l"'/»‘nfl'
The generating formula (28) acquires now the following form:
A by
0L = (Oapi)30" + (D + ONP )0y + -+ P 0
1A
— (@ 0P, (30)

We see that the last term describes the variational formula for the variable pf!™"".

This variation is of the first differential order and the role of the conjugate momenta
is assumed by the following object:

oL
KX L K A _
H,u1'“,Lbn s _go(lll"',un—léﬂn) - 3(3,\p%u")’ (31)

according to the identity
NTRPDY .
~ Pl 0P T =T O (32)
Consequently,
U1 e lin el
— NPy oy ODRETITTIN) = (DALY, NPT TN, B(Oaph ). (33)
Field equations derived from the new generating formula
A Ly —
0L = (Oapx )6@™ + (D + O )Spl + -+ phd Tl
+(ONITEN, )ophd H + TIEA L 6(0xpht ™ H™), (34)

together with definition (31) of the momentum II, are equivalent to Eqs. (18)—(22).
They assume now the following form:

oL oL
KA\ _ K _ _
NI =—ph = ST = G (35)
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oL oL
M1 Hn—1
K ool . ool .
P e fin o oL oL
p + O\p = = , (37)
K K Y
L= (38)
oL oL
p“—|-(9p“’\:—:—, 39
L
P % — (9_ (40)

Equation (35) (together with definition (31) of the momentum II) is the Euler—
Lagrange equation of the first-differential-order variational principle defined by the
Lagrangian

L=LG" ), oapli ),

whereas Eqgs. (36)—(40) describe the (n — 1)-differential order variational principle
defined by the dependence of £ upon the (n — 1)th jet of the field configuration
r — of(2).

We conclude that the variational principle of order n for the field ©® can be
equivalently replaced by another variational principle, which is of order (n — 1) for
the field p® and of order 1 for an auxiliary (“matter”) field p/ "#". The successive
application of this theorem enables us to reduce the differential order of any higher-
order variational principle to the order 1. The price which must be paid for such a
reduction is the introduction of several additional “matter fields”.

5. Higher-Order Curvature Tensors

As already declared in Introduction, the goal of this paper is to reduce the dif-
ferential order of the variational principle (1). Because the curvature tensor R,

contains first-order derivatives of the connection coefficients I'), the Lagrangian (1)
is of the (n + 1)th differential order with respect to the configuration variables T'}
(playing role of the field variables ). Hence, to lower the differential order of (1),
we can use a priori the method described in the previous section. Unfortunately,
neither connection coefficients nor their derivatives are tensorial objects and, conse-
quently, such a straightforward application of this method would not be coordinate
invariant. To preserve coordinate invariance of the theory, we shall keep together
derivatives of I'’s and I'’s themselves in such combinations, which correspond to the
curvature tensor or its covariant derivatives. But, again, there is a problem here:
there are many identities imposed on these objects (e.g. Bianchi I and Bianchi

II, together with their covariant derivatives) and, consequently, it is difficult to
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select independent quantities among them, which would allow us to express any
Lagrangian density (1) in terms of independent objects.

To solve this problem, the notion of higher-order curvature tensors, describing
the coordinate-invariant part of higher-order jets of the connection, was introduced
in paper [14]. For the convenience of the reader, we shall briefly sketch this con-
struction below.

Lemma. Given a symmetric connection I' on a 4D manifold M and a local coor-
dinate chart (z) in a neighborhood of a point M > m = (0,...,0), there is a
higher-order correction to coordinates (m>‘), i.e.:
A A 1 AV 1 A [T e 1 A JUA e e
Yy =z —{—Eijx x +§WWO_J: x’x —}—ISWMQJ x’x’x - (41)
such that, calculated in the corrected coordinates (y), connection coefficients fulfill
the following symmetry conditions at m:

Fid(m) = Fz\mau) (m) = Fé\ﬁaulug)(m) - = Fé\ﬁaul...uk)(m) = 07 (42)

where we denote

PA = 8#1 T 8}% Féo' (43)

KOk

Remark 1. Condition m = (0,...,0) does not constitute any restriction for the
above statement. Indeed, in a generic case

m = (c',...,c"),

the statement remains valid if we replace 2* by (z* — ¢*).

Remark 2. To fulfill condition (42) for a given k € N it is sufficient (and necessary)
to consider only corrections (41) of order (k + 2), because transformation laws for
the connection coefficients contain the second derivatives of the new coordinates
with respect to the old ones. Hence, kth derivatives of I'’s are affected by all the
derivatives up to (k + 2) order and do not feel higher ones, because all of them
vanish at m.

Definition. Coordinates (y*) fulfilling (42) are called “inertial of degree k at m”.
In particular “inertial of degree 0” means simply “inertial”, i.e. such that the con-
nection coefficients vanish at m, i.e. I'}, (m) = 0.

Remark 3. The above definition is a straightforward generalization of the notion
of the global inertial coordinates (introduce by Newton in his first law), i.e. such
that the freely falling bodies move at a constant speed along a straight line, i.e.
they satisfy the following equation of motion:

i = 0. (44)
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Nowadays, following Einstein, we formulate laws of physics in terms of local
quantities. This is precisely the case, because in a local inertial frame Eq. (44) is
fulfilled only at a single point (m)

yA(m) =0, (45)
and a global inertial frame does not exist, unless the connection is globally flat!

Definition. The curvature tensor of order k is a tensor K such that, in a

RO
particular coordinate system which is inertial of order (k + 1), its components are

equal to partial derivatives of the connection coefficients

K =1 (46)

KO ) K/Uﬂl"'uk.

A
KOk

Moreover, in arbitrary (non necessarily inertial) coordinates, the components of K

Theorem 1. The above definition is correct, i.e. K exists and is unique.

are given by the following formula:

K =T -1 .y T f (lower order derivatives of I's). (47)

Voo UV O (pvoy o

In particular, for k = 1, the universal (i.e. valid in any coordinate system) formula
for K 2‘ reads

vo

A A A A Ay
K;U/O’ - pra - F(;U/J) + F'yaFZv - Fw(aruy)v (48)
which, indeed, reduces to K, = T _ in inertial coordinates of order 1 and to

urvo urvo
A AP A
K},,=T r

o o (o) inertial coordinates of order 0.

Theorem 2. The curvature tensors fulfill the symmetry identities

A _ A _ A
Kiouy o, = Koy e = Ko (ua ) (49)
A —
Kiopr o) =0 (50)
In particular, the first-order curvature fulfills
A A, A _
K/MJK, - Ky;um K(/},I/K,) =0. (51)

Moreover, collection of curvature tensors up to order k contains exactly the same
information as the Riemann tensor and its covariant derivatives up to order (k—1).

In particular, the first-order curvature K ;}w contains exactly the same information

as the Riemann tensor R, . according to the following identities:

UVR?

2
K. =—--R} (52)

A _ A .
Ry = =28 nps - B = =3 R(u)w-

UVEK

The above theorems have been proved in paper [14]. For our present purposes,
however, we need an additional observation, which was differently formulated there:
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Theorem 3. Curvature tensor K n > 1, can be expressed as a sum

KOL1 " ?
of two terms: (1) a linear combination of the first-order covariant derivatives

Vi K2y, and (2) a (possibly non-linear) tensorial function of lower cur-
A .
vature tensors K7, .., 1 <n—1:
A _ aox A A
KFLO’/Jq Un Slﬁo’,th fhn + f( Iio’p,’ Klid/lq/l,g? c KFLO’/Jq ,un_l)’ (53)
where
_ K
V1V2 “Uni2 Z ' Vw(l) Vﬂ(z)VTr(s)"’Vw(nJrz) (54)
where T is a permutation of (n + 2) elements and ¢(w) are fixed coefficients.
Proof. See Appendix A. O
Examples.
A 5 A 5 A A A
Kmo,uu - SV Kmo,u + 8v KK,O‘V - SV K;wm - Sv K;wo" (55)

Hence, for n = 2 we have f = 0 (an easy proof was given in [14]). But for n =
3 it is no longer the case, because the following identity will be proved in the

Appendix:
11 1 2
A A A
Kwuw 10V )Km(mm EV(VKmuz)fw o BVU)K(MMV)(H
3
80[ 25(K5a('y ,uu)a + Kaa(’y ,Lu/)m) + 3]‘KI£O'(;LKV’Y)OL
o A o A
+ 1O(K(,uu)/<;K('y)o¢a + K(MV)O'K(’Y)OU{)]' (56)

6. Invariant Variational Principles in Theory of Gravity

Invariant Lagrangian cannot depend upon gravitational field I' and its derivatives
in an arbitrary way but only through invariant geometric objects: the curvature
tensors. They contain the complete information about Riemann tensor and its
covariant derivatives, whereas formulae (49) and (50) show how many independent
objects are necessary to carry this information. According to the previous section,
the Lagrangian (1) can, therefore, be rewritten in terms of the higher curvature
tensor:

L=L(0,0u, Ky oo s K ) (57)

nroo nrvoq--

where ¢ symbolize the matter fields (to simplify notation we skip their possible
indices) interacting with gravitational field F;\W. Variation with respect to mat-
ter fields produces obvious Euler—Lagrange equations via the standard generating
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formula (8)

OL(@, or,-..) = 0u(p"0p) + - -+, (58)

whereas variation with respect to I' produces the remaining part of the generating
formula, according to (25), with variables ¥ being replaced by Ff;,/:

5L — - .. + aR(P;\LwcéFlA“/ + P);\Luanérzya 4t P;\“jal"'cmnéFA )

HVO1 - Op

= (0BT, + (P 4 0L )0l + -

nvo

+ (P;\wm---anfl + 8HP>;\WG1-~-07L71R)5F>\ ) + P);\woy--an(srk

HVO1 - Op— 72 2o RERTe 2% .

(59)

To calculate the value of the consequent momenta P§"7' 7%

, we begin with the
variation of the Lagrangian density (57) (here, we skip, for simplicity, the matter
part of the formula):

L= QU8+ QT 0Ky, - QU TR (60

HUVO] Oy )

where the objects @ are tensor-densities (in contrast with P’s). Expressing each
curvature tensor K /’)wl.,, or> K < n, in terms of the connection coefficients Ff‘w and
their derivatives up to kth order we can finally express all the momenta P{"7" 7%
in terms of derivatives of Ff‘w and, whence, derive the Euler-Lagrange equations of
the theory. In particular, expression for the highest rank momentum is especially

simple
P)l\M/Ul"'Un _ Q/;\LVJI"'UW.’ (61)

because the curvature tensor depends in a simple way upon the highest order deriva-
tives of the connection — see formula (47).

7. Lowering Order of the Theory in an Invariant Way

Applying the procedure described in Sec. 4, we can immediately lower the differen-
tial order of the variational principle (59) with respect to I' by upgrading the high-
est rank momentum P{”7"""" to the level of matter fields. As already explained
in Sec. 5, such a procedure is not satisfactory because the quantity

[ — L+ aﬁ(Pﬁ\Lual...an—UiF)\

/LVO'l--~O'n_1)

is not an invariant scalar density. However, this procedure can be slightly modified
in such a way, that the resulting Lagrangian density L is a genuine scalar density
and, therefore, the new field equations are not coordinate dependent i.e. have an
intrinsic geometric meaning. For this purpose we begin with the following.

Step 0: As a consequence of Theorem 3 from the previous section (see (53)), we

may use Sé‘am_,_“n instead of K,iwl”_“n to parameterize the covariant nth jet of the
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connection I'. Thus, inserting (53) into the last term of (60), we obtain (skipping
again the matter part of the formula, because it does not change):

SL(K), ..., K} S )

nro? HVO1Op—1 Y proy--opn

~uvo A AMVOT102 A
= Ql)f 5K;u/a + Qli 5K,u

Vo102

QRIS S . (62)

HVo1-Op

L QLT SR

HVo-Op

The derivatives () — with exception of the last one — have changed their value
to @ because of the corrections coming from the derivatives of the function f in
formula (53). But all of them are invariant tensor densities (derivatives of the scalar
density L with respect to the tensors K).

Step 1: Now we perform the Legendre transformation between S and the highest

VGO
order momentum Q)"
UVO1 O A o UVOL T O A UVOL O
Q)\ ' 6SMV01~--Jn - 5(62)\ ! S,uual-nan) - S;uzolu-anéQ)\ ' . (63)

Putting the total derivative on the left-hand side, we obtain the new generating
function

Z = L(Kﬁua? ceey K/i\l’o'rnon,l; Q/;:Vol...an) — L o Q/}fual...onsﬁyal...gﬂ, (64)

where the “velocity” Sﬁwl,.,an on the right-hand side is treated as an implicit

function of the remaining variables, defined by Eq. (62), i.e.

oL

QYT I = ———— (65)
OSor o
As a result, we obtain the following formula for the differential of L:
T oA A A
5L(K[U/U’ o K/J,I/0'1'~O'n_17 S/U/O’1'~~O'n)

= QN 0K e + QN 0K 0, o,

+--+ Qiyalmanil5K/i\1/01~--0n—1 - S//>VU1-“Un5Q/;\VGIMUn' (66)

Step 2: Using formula (54), we define the momentum canonically conjugate to

Qé\“jalman

AR o K A
HV1V2"'Vn+2 - Z C(ﬂ-) ' 5V7r(1)KV7r(2)V7r(3)"'Vfr(n-i-z)’ (67)
T
fulfilling the obvious identity
vKHIi\fV2~-~Vn+2 = _Sli\lljg---l/n+2 (68)
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and add to both sides of Eq. (66) the quantity becomes

I\~ V. QR (69)

Hroy-op

This means that we define the new Lagrangian function

L= 'C(Kli\uav s 7Kli\1/0']_~.-a'n_1 ) Qliyalman,vn ‘;”Ul"'an)
= z =+ Hf;”jal“'dn . VHQ,;I/Jl-..Un. (70)
But
5(]‘[2501.“071va1/<7/01'“0’71) - H/A*LI;U]_-.-U,’,L : 5(VRQ§U01“.U1@)
+ (VHQ};\,VO'l-~-0’")5H250_1_”0n- (71)

This implies that formula (66) assumes now the following form:

AUV O A AUVO102 A

0L = Q\N"0K ,,, + QX 0K oo
oo

4+ .o 4 Q>\ 5K;)L\I/0'1“-O'n_ + VK,(HAK' ..GnQﬁyo‘l-..o‘n), (72)

1 pvoy -

where @ is equal to @ plus terms coming from the last term in Eq. (71) (remember
that 6I1\% is a superposition of terms § K 2‘

HUVO1On VUl---O'n_l)'

We stress that all the quantities appearing in the above formula are tensors or
tensor densities. In particular, the quantity H/j\b’jal...gn QK" in the last bracket
is a vector density. Hence, its covariant divergence is equal to the coordinate diver-
gence. We conclude that identity (72) can be written in a following, equivalent,

way:

~uvo A AUVOT102 A
0L = QYISK ), , + Qh T 6K

Vo102
SpvoL o1 . -
++Q}\ 6K;w01-~-an_1 +8/€(pr01---0”@>\ n) (73)
This is the first-order Lagrangian formula for the new matter field Q""" plus
A

the (n — 1)th order variational formula for the gravitational field I'
the nth order formula (60).

Applying this procedure (n—1) times we can lower the order of the gravitational
degrees of freedom contained in the Lagrangian to one. Such a theory is equivalent

Lv» analogous to

to the conventional Einstein theory, as proved in [8].
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Appendix A: Proof of Theorem 3

A A bY
v KHO’HIMQ ’u, - 8 (FHUVJIPJQ Nn - F(’iaﬂl,UQ"'/Jvn)) + f(lO.d F)
T
Fnau”@ UnV F(,@gul’uz e )V + f(lOd F),

where “l.o.d. I" means lower order derivatives of I'”.
On the other hand, we have

A A
KHO'NINQ HnV - FKUNJ/JJQ o V F(KO',LLLLLQ ,anV) + f(lOd F) .

Denote by K the following combination of derivatives of I':

A A A
Icmuwz e mem YU F(wmuz--~uk)' (A.1)
We have, therefore
A A
Koprpzpny = Do g iny F(K'UN1M2 Hn V) (A.2)
A A
% Icmmuz ‘o wamuz “HnV F(wmm MoV (A.3)

We see that our problem has been reduced to the following algebraic, linear problem:
is it possible to express the combination (A.2) of derivatives in terms of combina-
tions (A.3)? To solve the problem, let us sum the left-hand side of (A.2) and (A.3)
over all transpositions of the index v with the remaining indices. Observe that this
operation applied to the right-hand sides of both (A.2) and (A.3) gives the same
result because the sum over these transposition of I'}

(n+3)r) (

(ko1 2 i )V gives nothing but

o) and, whence, the same result as the one coming from the last

VR
term of (A.2). ThlS observation implies the following identity:
A A A
(n + 1)ICK,O'[L1,LLQ + ,Clil/ulluz + ICO’l/,ul,UJz Un K
A A A A
= Ko pa i T 0K G0 g T O Ky o Za Kwu1~-m~--unv
A
- 'CKUVIMIQ Hnt (A4)

Hence, we have to solve the following equation with respect to ICWH e

(n+ DK + K5

ROV 2 n RVO 12 n

+ K =L . (AD)

OVKH1L 2" HUn ROV 2 n

By virtue of (A.4) we see that the totally symmetric part of £ vanishes identically:

E(wvmuz i) = 0-
For every collection of indices (A, pu1, ..., t,) we have to solve the same equation,
which can be written in a symbolic way as
(’I’L + 1)ICHO'V + ICHVO' + }Caun - ‘CHUVa (A6)
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where both the unknown K., and the known L,,, are symmetric in first two
indices. Consequently

(1 + 3)K(kov) = L(now)- (A7)
Denoting

Mo = Kiov — K(rov) (A.8)
and subtracting (A.7) from (A.6) we obtain

(n 4+ DMoor + Muvo + Movi = Lrov — Lixov)- (A.9)
But
0= M(ov) = Miuov + Myvo + Moy,
and, whence
Mivo + Movs = —Misou-

Inserting this into (A.9) we obtain

n - Muow = Lroy — ['(noz/)a (AlO)
or
n
n: ICKUV - Emou - ‘C(K,O'l/) +n- K(nau) - ‘CKO'V - (1 - "+ 3) ‘C(HUV)' (All)
Finally, we have
1 3
’CI‘QO'I/ - — Enm/ -—-L Kov) (* A2
n { n+3 ( )} ( )
When “dressed” with missing indices (A, pt1, ..., fin ), the formula reads
A
Kﬁauul,...,un
1 A 3 A
= E {Lnau,ul,...,un - n+3 ’ ‘C(&m/),ul,...,pn}
Ll S (L) + L) + L) )
- n KOV ... fhn TL—|—3 ROV .. yfhn, RUO L .y fhn, OVKUL -y [hn,
1 [(n+2 1
== c —~ c Lo . (A13
n {TL +3 ROV ey fhn n + 3( RUG UL 4o yfhm + UVK[Ll,...,pn) ( )

This formula, however, is not fully correct because we did not pay attention to sym-
A

metries of the higher-order curvature tensor K7,

.., - Indeed, even if the symme-
try in k and o and the vanishing of the totally symmetric part is assured by expres-
sion (A.13), the symmetry in indices (vuq, . .., pi,) is not! To obtain the fully correct

expression, we must from the very beginning (i.e. from formula (A.5)) symmetrize
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all the formulae appearing in the above proof with respect to those indices. This is,
however, equivalent, to the symmetrization of the final formula (A.13) with respect
to (vu, ..., tn). We conclude, that the correct, final result reads

1 n+2
A _ A
szﬂ/pl,.w,un - E 'Sym(yul,...,pn) {n—Hﬁmouuh...,pn

1 A A
- n+ 3(£I€I/0/L1,...,/Ln + anﬁul,...,un)}' (A14)

This ends the proof because — modulo lower-order-derivatives-of-Gammas — the
left-hand side is equal to the left-hand side of (53), whereas the right-hand side is
a combination of covariant derivatives of the lower order curvature tensors.

In particular, for n = 1, we have

3 1
Icgayu = Sym(up) {Z‘cﬁoup - E([’//:l/au + Eéunu)}

= Sym(z/p,) {Z(al/lci;\au + aﬁ,céuu + 8UIC//2VM + aulclém/)
1
- Z(al/lcf)c\a,u + 6R,C§Vu + aﬂlcie\l/u + aﬂlcil/a)

- i(al/’cia,u + aﬁlcéuu + 8UIC2\V;L + aﬂlcléam)}

1 A 1 A 1 A 3 A
= sym(w) {ZGV/CMM + ZG,QICUW + ZﬁalC,wu + Z@,JC

ROV
VOK

1 1
- Zaﬂlcfi\ljlf - ZaUICA }

1 /1 1 1 1 1
= o, K ~9,K 0. K0 0. K 9, K>
<4 KO L + 4 H'Ykov + 4 oV + 4 + 4

- 5 ouv KU
1 A 3 A 3 A 1 A
+ Zaﬂ,cnp,u + Zaﬂlcfio’l/ + Zal/lcmau - Zali,cm/a
1 A 1 A 1 A
- ZaVICK/.LU - Za,u,cz/on - Za’/lcuaﬁ)

1 A A Lo 1, 1, 1, .
~ 3 (a,,,cw + 0k = 30K = 30K+ 0Ky + 0K

KOV KO
5 A 1 A
= EICKO'(/L;I/) - ZIC,LLI/(K,;O')7 (A15)
in agreement with formula (55).
For n = 2, we have calculated in [14] the value of IC/i\UVMl/LQ in terms of the K,

and its second derivatives (see formula (41) in paper [14]). But, in this paper, we
need a slightly modified version of this result, namely second-order derivatives of

2250111-18



Universality of Einstein theory

the first-order curvature tensor have to be replaced by the first-order derivatives of
the second-order curvature tensor. In what follows, we calculate it independently

1 4 1
A o A A A
ICHO'Z//,LLLLQ — 5 ’ Sym(u,ulug) {g‘cmﬂjuluz - 5 (‘Cunaulug + ‘Caunulug)}

[a—

+ 9, K

Vo1 2 RV (2

4 A A
- 5 'Sym(l’ﬂllﬂ) {3(8VIC’WH1M2 + 3,JC

1
+ aﬂllciaupg + a/JQICI)i\O'/JqIJ) - _(8U’C)\ + aﬂ’C)\

5 RV L1 42 oVl 2

1
+ aﬂllciuowg + aNQIC/i\Vula) - _(8KK:>\ + al/K:A

5 Vo1 2 ROy (2

+ 0, K>

KO L1 12

A A A
+ aolcyn;nug + aﬂllcuan,ug + a,u2 ,Cuau1n)}

1 2. 2. 2.
— 5 . sym(wlm) {g@,JC,WMM + ga,@’C + 580/C

oVl U2 RV L1 42

KVO 42 KVO (11

4 4 1 1
+ gaullcf)i\az/,u,g + ga,UIQICI)i\O',ull/ - gaul ’C)\ - ga/mIC)\

1 1
- gaﬂllcéunpg - gaﬂzlcéunpl } (A16)

The symmetrization with respect to indices (vugug) gives us

1 12
KA —-.2 |2
rovkibz 2 3|5

2 2 2
8VIC’>€\UM1M2 + gaﬂllcic\avlm + galQIC)\ + ga,JCA

KO W1V OV 42

2

2 2
A A A A
+ gaﬂlcaltlvlm + ga’JCUlQMlU + gaalcfﬂ/ullm + gaalcﬁulylm

2 4 4 4
+ gaalcfc\ugulu + gaﬂllcfi,\dvug + gaV’Cia\a/Ll;m + gaMQIC)\

KROp1V

4 4 4
+ gawlcﬁmy + gaV/@ + gamicx

KO U2 1 ROV 2

- (8M1 Kﬁmaug + aﬂ2lci\f€0',[1,1) -

(0,

H1KO 12

+ 0., K0 o)

H1KOV

(0,, K 0 + OLKC

Lo KoV ugfwm) o

(alh IC1>/\O'K,[J,2 + 8#2 ,CA )

VoK1

(D, K

H1O K[

+ 0, K0 ) —

H1ORV

(0,, K2 oy + O

U2 0KV uzanﬁu)

o~ U= o=

(A.17)

Using the property of vanishing of the totally symmetric part of the curvature
tensor K

KO WV

A A A
ICI-@U;U/ + K:,u,una + ICHMO’V

F K von + Ko + Koy =0,

OVKUW
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we obtain
Ky =L g0 120, K, 20K — 20,/
KOV 2~ 2 3 VIMKOo U1 2 H1"vKkov s H2"~Yrou1v 5 R™vpy oo
2 A 2 A 2 A 2 A
20 e = 20— 20— 20K
2 0,1 Lo, (1 Ko Ky Ko
- g ook 5 ,ul( KUO 12 + OVK 2 + KooV + ngmj)
1
- gauz (Icéuaul + Icgun,ul + ’Ciulau + ’Cguuﬂ/)
1 A A A A
- 56V(ICH/,L1UM2 + ICU,ul K b2 + ’Cm,uzoul + }Calugmul)
1 1/11_ 1. 1. 1
= 5 ’ g (gal/,cna/“ug + gaﬂllcﬁmjug + Ealmlcnauly + Saﬂllc
1 A 1 A 6 A 6 A
+ 56“2’CM1VHU + ga’flcmusz o ga"“’C(VﬂllQ)U o gaaK(Vﬂlp«z)K
11, 1, 2
- TOK“U(MUQQV) - I_OICMM)M(;V 5V (w1 p2v) (50)
and, whence, we have
11 1
A _ A A
KOV EV'J)KHU(MM + TOV(VKMM)W
2 A
_ ng)K(MIMW/)(“ + f(ZOd F)

A

U2 VKO

)

(A.18)

(A.19)

To calculate the value of f(l.0.d. ') we have to: (1) insert formula (55) into (A.19),
and then to: (2) calculate the second-order covariant derivatives according to

VQVBKQW = v(avﬁ)ng + v[avﬁ]ng

- v(avﬂ)Kfi\au + Rzi\ozﬂKZau + RZaﬁKli\ap,
+ Rz;aﬂKfi\z/u + RZQﬁK,‘i\O’V'

(A.20)

Finally, we have to: (3) express the Riemann tensor R in terms of K, according to

formula (52):

R)x

HVK

_ A
= 2K,

[vr]

= K

A
uky K,uun'
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Let us rewrite (A.19) in the form
A
Kﬁauufy

1 A A A
(v Kmoufy + V Kﬁau’y +V K,‘*CO'/,LI/)

7

1
+ _(VMKIi\’me + VVK YKo +V Kﬁw@a)

-

2
- _(VO'K,?L\V"}/H + VO'K’?/\[LVH + v Kli\'y;ui +V K/i\wya + VHK’/y\/,WU +V Kli\'yug)

- -’
-~

(3)

(A.22)

Now, using (55) for each covariant derivative of the second-order curvature ten-
sor, we get the following:

11 [5 5
1 “V,V, K} VVKA—VVKA—VVKA
( ) 30 8 HO"Y+ 8 ROV 8 vyo 8 VYK
5 A 5 A 1 A 1 A
+8v VK, + 8v WV Ky, — 8v VKD, — 8v VoK) .
5 A 5 A 1 A 1 A
+ v \% Kmou +3 v \Y K&au v \Y Kuya - v \Y K;w#;
115 5 1 \
=30 4V(MVV>KW + 4V(Mv'y)Kﬂwv + V(qu)K — 3V ki,
1 1 \ 1 \
gV Vo K — VeV Eine = Ve Vo K,
1 \ 1
— Vo VoK, = 5VeV K. — = ZK K|, (A.23)

1 A A A A
(2) = lSV Y, Km+8v VoK), — Sv VKN, — v,V VKD

30 8
5 A 5 A 1 A 1 A
+8v VoK, + 8v VK, — 8v VoK), — 8v VK,

5 5 1 1
+ = VVKQM—i— VVKQW— VVKQU“ VVK,QW

1 1[5 ) N ) N ) A
= — l—V( \Y )KVW + gV(#VH)KlNU + gV(VV )K + gV(,,V )K

] WYK pwyo
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5
—|—§V( VU)KMWC—{— V(7 ,uua ZK K

8
1v V. K 1 KA K
— 1V Koy = 7V Vi Kooy — v(,,v VK o |
(A.24)
3) = — 25VVKA 5VVKA VVKA VVKA
( ) - 30 | 8 ury + 5 27 ] YEU ] YRV
5 A 5 A 1 A 1 A
+8v VK, + 8v VK, — gv oV KD, — 8v oV KD,
5 A 5 A 1 A 1 A
+8v oV KD, + 8v oV EK) . — 8v oV K, — 8v VK
5 A 5 A 1 A 1 A
+8v VoK), + 8v WV K, — 8v WK, — 8v WV,
5 K)\ 5 A 1 A 1 A
+8v VoK), + 8v WV KD, — 8v WV KDy, — 8v WK,
5 A 5 A 1 A 1 A
+8v VoK), + 8v WKy — 8v WV K, — 8v VoK),
= 25vv K K K GVVKA 6VVKA
T30 (g2v 0’)( aoy T8y F Vw) + ] pye T ] HVE
6 \ 6 \ 6 \ 6 \
+8v oV K, + 8v VK + 8v VK, + 8v WV KD,
2 6 \ 6 \ 6 N
=35 8V<UVV>KW+ VeV K + VeV K + gV Vi Ko
6
+ ViV K R SV(“ /M+ ZK K|. (A.25)

Gathering all coefficients multiplying second-order covariant derivatives terms,

we obtain

3
Kf/-c\ww - [6(V(HVV)K2\U’Y + V(NV'Y)K;\O'V + V(VV )wau)

~ (Vi Vo KVW + V(UVV)KW + v(avv)ng
+V Vi K e + ViV Kp e + ViV Kool
11 1 1 5 2 1
i K- -K — .z K- -K = .z K- K.
(o g) o K () SRk () S

(1) (2)
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The quadratic terms K - K follow from the following formula:
VaVKy, = ViV Koy + ViaVa Ky,
- v(avﬂ)Kmf,u + R(SO(BKHUM + RiaﬁK&fu + RgozBKmSu + RéaﬁKmaé
= v(avﬁ)K + (_K&xﬂ + K&Ba)KgUu + (_K(S 1] + Kﬁﬁa)K&Iu
+ ( aﬁ + KO’ﬂO&)KIi\(S/J, + (_Kgaﬁ + K(Sﬁa)Kﬁa(S (A27)

Calculating the quadratic terms for all three parts and grouping them together,

we get the following expression:

1
> K K= ol 12K (o K3y + K Gun K (yyac)

@ A
+ 3(K K + K(uu)nKUoz(’y)) + 9KI€O’([LKI/’)/)O£]

e Koty
S Ak K K K
= 104 E G K an + Kiuw)nK(ao)
(B o Katy + Kyl o) + 3K 5 B 6l (A28)

Until now, for simplicity, we omitted the f(l.o.d. T') part in calculating K\ R
To obtain its complete form, we have to compare this K-quadratic expression with
its counterpart in the formula (41) in paper [14], which reads

KDy = O[G(Vw DKo ¥V V) Koy + VoV i) K2y

Ropvy ~
— (Vo Vo K + ViV Kio + V0 Vo) KD
—l—V(KV )K,,YU—FV( \Y o) Wm—l-V( \V4 ) ww)]

3
— —[23(K)
25123

«a A a A
- 2(K(/JJ/)I{K(’Y)QO' + K(/.LU)O'K(’Y)OLF{,)]' (A29)

Ko (y }UJ)U+K0'04(’7 ;w)m) 37KKLO'(MKU’Y)O¢

So, the f(l.o.d. T') term equals

3 A « «
f(lOd F) 80[ 25(Kﬁio¢(’yK,u,l/) +K0'a(’y ,u,I/) )+31Kﬁ ( Ku’y)a

K(A'y)om)]' (A3O)

+10(K () Koo + Ko

UV)K

Finally, expressed in terms of first derivatives V., K2, v Of the curvature tensor
K}, the quantity K7, , assumes the form (56).
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