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1. Introduction

In [1] and [2], we have shown that the functional integrals of QED and QCD can
be reformulated in terms of local gauge invariant quantities. The constructions
presented in these papers were on the level of ‘classical’ Grassmann algebra-
valued quantities. In [3] a similar construction of gauge-invariants on the level of
field operators was used to formulate QED on a finite lattice in the Hamiltonian
approach. The main result of this Letter is a complete description of the observable
algebra and an explicit construction of the physical Hilbert space as a direct sum of
charge superselection sectors. A similar programme for the continuum theory was
formulated a long time ago. Since the problems arising for the continuum case are
extremely difficult, only partial results have been obtained until now (see [4]-[10]).
We shall comment on some relations to our work in Section 5.

The goal of this Letter is to study the structure of the subalgebra of observables
being gauge-invariant bilinear combinations of fermionic fields. It turns out that this
subalgebra carries the whole information about the fermionic sector (the bosonic
sector consists of electric and magnetic field operators, carrying the well-known
structure of a finitely generated Heisenberg algebra).

The bilinear fermionic invariants are

Wi — () exp(—ig /7 A) (o),
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wherey is an oriented path startingaand ending a. Dividing the bi-spinor field
4 into the positron degrees of freedaffft and the electron degrees of freedom
¢;, K, L = 1,2, we consider, in particular, the ‘pair annihilation operators’:

M5 = ¢r( exp( zg/ ) (1)

(they annihilate a positron with heliciti{ atz and an electron with helicity, at
y). They are sufficient (see [3]) to reconstruct all operatbrsiefined above.

It follows from (1) that if two pathSy andg have the same endpointsandy,
thenM.,.. K = exp(— Zngﬂ Mg K , WhereB, ;-1 denotes the magnetic flux
through a surface spanned by the closed conygtt. This means that the whole
observable algebra may be reconstructed if we know (a) the electromagnetic field
operators and (b) the operatotd for a single pathy assigned to each pair of
endpointse andy. We call such an assigment ‘the choice dfeg.

Inthe lattice version, we have a finite number of sites. Together with two possible
helicities, they may be organized into a finite number of positron (respectively
electron) degrees of freedoin= (z,K), j = (y,L), i,j = 1...N. In this
notation, the invariants (1) are written asg; = MV;LK, where~ is the path
assigned to the pair, y). Here we assume that the assignmgnt y) is defined
by a set ofon-tree linksi.e.y(z, y) is the uniqgueon-tree pathfrom z to y.

The operatorsn;; satisfy a number of axioms (see [3]) leading to a nontrivial
structure of the observable algebra. In particular, they are nilpotent and satisfy
some trilinear commutation relations, which we analyze in Section 2. We denote
the associative--algebra generated by these invariants®y (Definition 1 in
Section 3). In this Letter, we prove that it is isomorphic to the enveloping algebra
of sI(2N, C), divided by a certain ideal. This gives a deeper insight into the
structure of0,,. In particular, using this result, we are able to find all its irreducible
representations. This way we obtain a much simpler proof (comparing with [3]) of
the decomposition of the physical Hilbert space into charge superselection sectors.

2. Lie Algebra Structure in On,

Let g denote the Lie algebrd(2N, C) of traceless complex matrices of dimension
2N. It is convenient to consider matrix indices running through theZset
{1,2,...,N,1,2,...,N}. We denoteF,,5 := (dacdpy)en € Mon(C) (the matrix
with entries equal to one &tv, 3) and zero elsewhere). We fix an orderZofand
definea + 1 as the successor afe 7.

THEOREM 1.Ifelementsn;;, mj; (i, = 1,2,..., N) of some Lie algebra satisfy
relations

[mij, mir] =0, (2)
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[m;ja mltl] = 0, (3)
(Mg, [Miys Mrs]] = Okidismrg + Ogr O, (4)
[, ke, m]] = Oridismng; + Opr O, (5)

then the Lie subalgebra generatedfy;, m;; is either isomorphic tal(2N, C)
or zero (allm;;, m;; are equal to zero).

There exists a Lie algebra with nonzero elements m;;, satisfying the above
relations.

Proof.Leth be the Lie subalgebra generatedhy, m;; andd;jx; = [m;;, my,|.
Obviously, the linear subspace spanned by elementsm;;, d;;x € b is closed
under the Lie bracket.

The only nonzero elements amoiigy, ared;;; andd;;;. Indeed, ifi # k
and simultaneously # [, then it follows from (4) and (5) thad;;x, mrs] =
[dijr1,mys] = 0. Hence, using the Jacobi identity, we have &k, dii] = 0.
On the other hand, again using the Jacobi identity, we get

0 = [dijk1, drirt] = [[miz, mygl, drart] = [mij, 2mp] = 2d;j1.

The number of independeddt;;, j # [, is limited by equalitiesl;;;; = d,;r; (it
is sufficient to consider the case r): We have

[dijit, driri] = [[miz, ma], driri] = [mij, mz) = dijir-
On the other hand,

[dijits drirt] = [dijits [mrr, mpg]] = (Mg, myy] = dyjri
Analogously, one shows thdf;;; = d;sks, ¢ # k.

It remains to consider elements; := d;;i; = [m;, m;;]. They are not inde-
pendent. Indeed, far# r, we have

[dyjrss disij] = [drjrs, [mis, mg;]] = [mig, mi;] — [mis, mg],
and, on the other hand,
[drjrs, disiz] = [[Mrj, Myl disig] = [mej, my;] — [mes, my].
Hence
hij + hys — his — hyj = 0, (6)

which also holds trivially for = r.
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Let ¢: g — bh be the unique linear mapping such that
P(Ejz) = mij,
¢(Ej') = mfj,
¢(Eik) = dijrj, 1 # k,
o(E3) = —diij, j#1,
¢(Eii — Ej;) = hij,

(using (6) one verifies the existence of such a mapping). We prove tisad Lie
algebra homomorphism:

¢([z,y]) = [(x), ¢(y)]- (7)

SinceEj;, E5;, and their Lie brackets, span(in the same way as:;;, m;;, and
their Lie brackets, spa), the proof reduces to the casec {E;;, E5;}. Indeed,

assuming that (7) holds for this case, we obtain it also for tfl{e’ more general case
x = [x1, z2]:
d([lz1, z2],y]) = —¢([z2, [21,9]]) + S([z1, [x2,y]))
= —[d(z2), ¢([z1, y])] + [¢(21), d([z2,y])]
= —[p(x2), [¢(z1), d(W)]] + [¢(z1), [#(2), D(y)]]

= [[¢(z1), ¢(z2)], p(y)] = [#([21, 72]), ().
For the case, y € {E;;, Ej;}, (7) is implied by the definition of, because

157
[Eij, Byl = 61 Eix — 0ir. Bz, (8)
[Eijﬂ Ek:l_] =0, %)
[ i Efk] =0. (10)

For the remaining case = [y1,v2], z,y1,y2 € {E;;

17> Ej;}, it is implied by the

relations
[Eijs [Eks Ers]] = 0kidis Brj + kr0i Eis, (11)
[E5i5 [Byps Esrl] = 0ki01s By + Ogr 015 s (12)

The definition off yields surjectivity of¢. Sinceg is simple,¢» must be zero or
injective. This proves the first part of the theorem.
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To show the second part, one takes = E;;, m;; = Ej;; then (2)—(5) simply

coincide with Equations (9)—(12). O

3. The Nilpotency Conditions

We denote the Lie algebra corresponding to an associative algelbyad ;..

THEOREM 2. For elementsn;;, m;; of an associative algebr@ with identity,
satisfying conditions of Theorelntreated as elements of the Lie algeld?a), the
following properties are equivalent:

(1) mijmy = —mymy;, m; mkl *lm?;y,
(2) m”m,l = m;jmg; = m;;mi = m; mkj 0,
(3) mi; —m"‘]2 0,
(4) [ml]a ]]3 [ml]a m;ky]
Proof.Implications(1) = (2) = (3) are trivial.
Assuming (3), identitym;;, [m};, m;;]] = 2m;; reduces ton;;m;;m;; = m;j,
which allows us to calculate
]3

ij?

[mijamfj = (mz]m] m]mt])s

= (mijm;f‘j)3 - (mfjmi]’)S = mijm;; — m;img; = [mz’j,mfj]-

J L)
This shows that3) = (4).
Letz = [m;j, m};] andm = m;;. Using[z, m] = 2m or, equivalently(z —
2)m = mx, we get for any polynomiab(x) the relationw(z — 2) - m = m - w(x)
or, equivalently[w(z), m] = (w(z) — w(z — 2))m. In particular,

[3 —2,m] =6(x — 1)>n and [(z —1)?m,m] = 4(z — 2)m?>.
Now point 4 implies
P2 —2=0(z-1?°m=0, (z—2)m?=0.

From these equations, one easily gefs= 0. Similarly, puttingz = [m
andm = mj; one getgm,; )2 = 0. This proves the implicatiot4) = (3).

Now, assume that (3) holds. Letbe arbitrary,; # [. From (4) we have
mij = [ma, [m%, my;]]. Using this andn? = 0 gives

1 mij]

migmi = [ma, [mog, mygllma = mg[myy, mejma,
mimi; = MM, (Mo, Mejl] = —mg[myy, myjlmg,

or 2m;jmy = (myjmy + mymi;) + [m4j, mi] = 0. Analogously, one can derive
the remaining equalities occurring under point (2). More precisely, it suffices to
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notice the invariance of the considered relations under the substitatjors m;,
m;; — mj,;, and the substitutiom;; — m;;, mj; — m;;, respectively. Therefore,
(3) = (2). S

To prove the implicatiori2) = (1) we proceed as follows. For£ k andj # [
we have

mij = [Mmij, [y, myl]  and  mg = [mgg, [my, mal),
yielding m;jmy; = muyj[my;, miylmg = —myymg. The second part of point (1)
is an immediate result of the substitution; — m;;, m;; — m;;. 0

LEMMA 1. Relations[Es, [E, F1]] = E? = E3 = 0imply [E1, E»)> = 0. In
particular, if m;;, m;; satisfy the assumptions of Theor2emd have the properties
formulated there, thefim;;, m},]> = 0, (4,7) # (k,l) (this generalizes property
(3) of Theoren®).

Proof.Since

0= [En, [Ep, Er]| = 2E1E2Fr — ErEnEp — E2Eq By,
we havel E>,Eq, = 0, and, thUSLEl, Ez]z = (E1E2 — E2E1)2 =0.

DEFINITION 1. Let O,, denote the free algebra with identity, generated by
m;;, m;; under relations:

[mij, mg) =0, (13)
[mij,mi] =0, (14)
[mij, [mpy, Mrs]] = OkiOrsmr + Oprdrjmis, (15)
[m3;, [mr, myl] = Okidismy; + dgrdigmis, (16)
m;;2 =mj* = 0. (17)

Let us denote by/, the enveloping algebra of the Lie algelgrand byl C U,
the ideal generated byf2;: o # 8}

THEOREM 3. The algebra®,, is isomorphic to the quotient algebrd, /1.
Moreoverg C U,/I,i.e.gNI = {0}.

Proof.By Theorem 1, there exists a Lie algebra homomorphkigsng — (O,,) 1
such thatpr,(E;;) = myj, ¢1.(Ej;) = mj;. It lifts uniquely to a homomorphism
¢:U, — O, and kerp is the ideal generated k{)E%, EJZl} (cf. relation (17)). Due
to Lemma 1, this ideal coincides with Thus,O,, is isomorphic td/, /1.
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Consider the homomorphisR U, — M>n(C) of associative algebras, unique-
ly defined by the conditioi?|, = id,. Obviously,R(I) = 0, because the square
of the matrix E,5 € Moy (C) vanishes fora # (. Hence,R factorizes to a
homomorphismR: U, /I — Moy (C). Of course,R([g]) = g, for g € g and
g :=9g+1€U,/I.Henceg C U,/I. O

The Weyl group of[(2N, C) (i.e. the group of permutations of thé&2element
setZ), acting on the algebr&,, leaves the se{Egﬂza # [} invariant. Thus, it
leaves the ideal invariant. This leads to a generalization of Theorem 2 (point (3)
has no counterpart here, because we took it as the definitibn of

THEOREM 4. In the algebral/, /I we have

(1) EogE,s = —EosEyg, for o, 8,7, 6 mutually distinct
(2) EqpEoy = 0= EgoEy,, for o, 8,y mutually distinct
(3) H25 = Hop, WhereHus = Eoa — Epp.

Proof. Let
reNX ={(as,az,...,00) €EI": (1 # j) = (s # o))},
o (a1, 0p,...,0p) == (0(a1),0(a2),...,0(ar)).

It is easy to verify that this defines a transitive action of the permutation group on
X . Now, the statement follows from Theorems 3 and 2, and from transitivity of
the action just defined, taking= 4, 3, 2. O

THEOREM 5. U, /I is a finite-dimensional vector space.

Proof. Take{ Hy,o+1} U{Eqaps: a # B} as an ordered basis gnlt follows from
the Poincag — Birkhoff — Witt theorem [1] that standard monomials built from
elements of this basis form a basidlip. Due to point (3) of Theorem 4, dividing
by the ideall reduces the standard monomials built from these elements to a finite
number. O

4. Representations o0,

It is possible to describe all finite-dimensional representatiodg ¢f (and, thus,
also those 00,,) in terms of representations of the simple Lie alggbra

Let there be given a representatiopn/,/I — EndV’), dim V' < oco. The
restriction ofp to g is a representatiop|, of the Lie algebra. Sinceg is simple,
it decomposes into a direct sum of irreducible ones. Since U, /I generates
the algebral/;/I, the decomposition of the representatjeris the same. This
shows that any finite-dimensional representation of the algéptais completely
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reducible, and each of its irreducible components is a unique extensigyy fo

of some irreducible representation of the Lie algefr®ue to Theorems 2 and

4, the necessary and sufficient condition for the existence of such an extension is
thatp(H,g)2 = p(Hag), for anya # 3. The linear spac® of any representation

of g is a direct sum of weight spaces. Thus, the above condition is equivalent to
the following one: for any weight: of the irreducible representatign we have
m(Hap)® = m(H,g). This holds if the weights of give only —1, 0 or 1 when
evaluated on the elements, ;. From the general theory ([11]), we know that the
irreducible representations gfare in one-to-one correspondence with dominant
integral weights (i.e. weights which difi,3, « < 3, are nonnegative and integral).

To determine a weight, one can give the sequence of its values on the elements
H, o+1. If this sequence consists of exactly one unit and some zeros, the weight is
called fundamental.

COROLLARY 1. A finite-dimensional irreducible representatipof the algebra
U,/1 is uniquely determined by the highest weighof the Lie algebra represen-
tation p|4; m must be fundamental or zero.

This statement completely characterizes the irreducible representatiggsof
Indeed, one easily constructs a representation for any fundamental weight and
for the zero weight: Le¥/ denote the free vector space spannedtby: 27 =
{A: A CT}.Ford/ = a+1,onedefineg(Eyy ), p(Exa) € End(V) as follows:

1-(AU{a\a')), ifo' €A ad A,
p(Eacr)(1- ) :{o, if o ¢ Aora e A, (18)
1-(AU{aI\{a}), ifaed,a ¢4,
p(Bua)(1-4) = { 0, fogdoracd O

ForafixedZ € Z,letV; C V denote the linear subspace spanne®py= {A C
Z:|A| = Z}. The subspackg is p(U, /I)-invariant. Lew; € V; be 1- Az, where
Az € Pz consists of the firsg elements iriZ. The weights of the representation
p are such that one concludeg is a highest weight vector of the irreducible
representatiofVz, p|lv,). ForZ = 1,2,...,2N — 1 this gives the fundamental
highest weights; foZ = 0 or Z = 2N, the zero weight.

Now, let*: z — z* be the unique antilinear anti-endomorphism of the algebra
U, /I suchthat}, ; = Eg,, (equivalently, suchthdin;;)* = m;;, (m;;)* = mij).
With this operation{/, /I becomes a-algebra.

We endowV; with a Hilbert space structure, taking the scalar prodyct
such that{1- A: A € Pz} is an orthonormal set. The irreducible representation
(Hz,p|lm,), whereHz = (Vz,gz), is ax*-representation. This representation
coincides with the canonical-representation defined in [3]. It was shown in
[3] that H is an eigenspace of the total charge oper&omith eigenvalue
Q=e(Z—N).
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COROLLARY 2. The representatio®2" ;' (Hz, p|ur,) is faithful and defines an
isomorphism o%-algebras

2N-1
U T @ B(Hz), dim(Hz)= (iv) (20)
Z=0

This is in accordance with the well-known fact that amalgebra of linear
operators on a finite-dimensional Hilbert space is a direct sum of factors. The
centerC of U,/I has the formC = @, C;, with C; = C1,. It is generated by
the total charge operatap (see [3]), with the components in this direct sum
corresponding to the spectral decompositioQoObserve, however, that — strictly
speaking <€) cannot be fully reconstructed from (18), because one one-dimensional
representation is lacking. On the other hand, we stresg)hiata linear function of
the Casimir operator and can be easily expressed in terms of the genéfatefs

THEOREM 6. Any finite dimensional irreduciblerepresentation of the algebra
U,/1 is unitarily equivalenttd Hz, p|, ), for someZ.

Proof.Let (H, 7) be a finite-dimensional irreduciblerepresentation af/, /1.
Of course,(H, ) is algebraically equivalent t¢V, p|y,), for someZ. Thus,
(H,n) is unitarily equivalent to the canonicatrepresentatioH z, p|r, ) — due
to the following well-known fact [12], (point 2.9.6): If two irreducible representa-
tions of aC*-algebra are algebraically equivalent, then they are also equivalent as
x-representations. O

4. Concluding Remarks

A comparison of our results with results obtained within the (continuum) algebraic
quantum field theory approach is only partially possible.

(1) In Section 10 of [3], a possible strategy to construct the continuumtheory as a
limit of its lattice approximations was discussed. In particular, such a construction
must include charge renormalization. It turns out that the algéhfamay be
generated by operatom;}t7 corresponding to either trivial or 1-link paths In
the continuum limit, these generators would correspond to oper#idry =
¢*(x)p(z) and Vi (x) = *(z)Dye(z). Of course, such products are highly
singular in the conventional formulation of QED. Our results suggest that, maybe,
we must look for a continuum theory of the gauge-invariant fiédfdandV,, which,
together with the electromagnetic fielBsand E should be treated as fundamental
fields, instead of nonphysical obje@i(;a:).

(2) It is probably too difficult to rigorously construct the full continuum limit
addressed in the previous comment. But, due to the algebraic structure given by
Theorem 3, it seems to be possible to construct at least the thermodynamic limit
(infinite lattice) using methods developed in recent years, see, e.g., [13] and further
references therein.
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(3) In [9], the concept of charge classes was developed. It was shown that
within every charge class there exist inequivalent representations corresponding to
different asymptotic flux distributions which, however, are unitarily equivalent on
lightcones/ ™ +a, respV ~+a, (with apexa) in position space. This way a criterion
for distinguishing between the electric charge (carried by massive particles) and
superselection sectors corresponding to inequivalent asymptotic infrared clouds of
photons was found. In our case dfiite lattice, it turns out (see Section 8 in [3])
that for any fixed total charge sector representations corresponding to different flux
distributions on the boundary are unitarily equivalent. However, after performing
the thermodynamic limit, we hope to see the above charge classes.

(4) In [7], so-called charged morphisms, which had to be used to create charged
states out of the physical vacuum, were introduced. They were obtained as weak
limits of charge transfer cocycles. Heuristically, these cocycles correspond to
‘charged field bundles’, which formally were already invented in [8]. Using our
wave function representation of physical states, from formula (8.1) in [3] we read
off the finite lattice counterparts of these charged field bundles. On the other hand,
due to the structure @,,, given by Corollary 2, there are no nontriviamorphisms
of O,, intertwining between different sectors. But again, after performing the ther-
modynamic limit, we hope to construct charge transfer cocycles and, consequently,
also rigorously charged morphisms.
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