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Abstract. We prove that the matter field subalgebra of the observable algebra for QED on a finite
lattice is isomorphic to the enveloping algebra of the Lie algebrasl(2N; C ), factorized by a certain
ideal. Using this result, we give a new proof of the decomposition of the physical Hilbert space into
charge superselection sectors.
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1. Introduction

In [1] and [2], we have shown that the functional integrals of QED and QCD can
be reformulated in terms of local gauge invariant quantities. The constructions
presented in these papers were on the level of ‘classical’ Grassmann algebra-
valued quantities. In [3] a similar construction of gauge-invariants on the level of
field operators was used to formulate QED on a finite lattice in the Hamiltonian
approach. The main result of this Letter is a complete description of the observable
algebra and an explicit construction of the physical Hilbert space as a direct sum of
charge superselection sectors. A similar programme for the continuum theory was
formulated a long time ago. Since the problems arising for the continuum case are
extremely difficult, only partial results have been obtained until now (see [4]–[10]).
We shall comment on some relations to our work in Section 5.

The goal of this Letter is to study the structure of the subalgebra of observables
being gauge-invariant bilinear combinations of fermionic fields. It turns out that this
subalgebra carries the whole information about the fermionic sector (the bosonic
sector consists of electric and magnetic field operators, carrying the well-known
structure of a finitely generated Heisenberg algebra).

The bilinear fermionic invariants are
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where
 is an oriented path starting atx and ending aty. Dividing the bi-spinor field
 ̂a into the positron degrees of freedom̂�K and the electron degrees of freedom
'̂�L,K;L = 1;2, we consider, in particular, the ‘pair annihilation operators’:

M̂
;L
K = '̂L(y)exp

�
�ig

Z


Â

�
�̂K(x); (1)

(they annihilate a positron with helicityK atx and an electron with helicityL at
y). They are sufficient (see [3]) to reconstruct all operatorsŴ defined above.

It follows from (1) that if two paths
 and� have the same endpointsx andy,
thenM̂
;L

K = exp(�igB̂
��1)M̂�;L
K , whereB
��1 denotes the magnetic flux

through a surface spanned by the closed contour
��1. This means that the whole
observable algebra may be reconstructed if we know (a) the electromagnetic field
operators and (b) the operatorŝM for a single path
 assigned to each pair of
endpointsx andy. We call such an assigment ‘the choice of atree’.

In the lattice version, we have a finite number of sites. Together with two possible
helicities, they may be organized into a finite number of positron (respectively
electron) degrees of freedomi = (x;K), j = (y; L), i; j = 1 : : : N . In this
notation, the invariants (1) are written asmij � M̂
;L

K , where
 is the path
assigned to the pair(x; y). Here we assume that the assignment
(x; y) is defined
by a set ofon-tree links, i.e.
(x; y) is the uniqueon-tree pathfrom x to y.

The operatorsmij satisfy a number of axioms (see [3]) leading to a nontrivial
structure of the observable algebra. In particular, they are nilpotent and satisfy
some trilinear commutation relations, which we analyze in Section 2. We denote
the associative�-algebra generated by these invariants byOm (Definition 1 in
Section 3). In this Letter, we prove that it is isomorphic to the enveloping algebra
of sl(2N; C ), divided by a certain idealI. This gives a deeper insight into the
structure ofOm. In particular, using this result, we are able to find all its irreducible
representations. This way we obtain a much simpler proof (comparing with [3]) of
the decomposition of the physical Hilbert space into charge superselection sectors.

2. Lie Algebra Structure in Om

Let g denote the Lie algebrasl(2N; C ) of traceless complex matrices of dimension
2N . It is convenient to consider matrix indices running through the setI :=
f1;2; : : : ; N; �1; �2; : : : ; �Ng. We denoteE�� := (������)�� 2 M2N (C ) (the matrix
with entries equal to one at(�; �) and zero elsewhere). We fix an order ofI, and
define�+ 1 as the successor of� 2 I.

THEOREM 1. If elementsmij;m
�

ij (i; j = 1;2; : : : ; N ) of some Lie algebra satisfy
relations

[mij ;mkl] = 0; (2)
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[m�

ij ;m
�

kl] = 0; (3)

[mij ; [m
�

kl;mrs]] = �ki�lsmrj + �kr�ljmis; (4)

[m�

ij ; [mkl;m
�

rs]] = �ki�lsm
�

rj + �kr�ljm
�

is; (5)

then the Lie subalgebra generated bymij ;m
�

ij is either isomorphic tosl(2N; C )
or zero (allmij ;m

�

ij are equal to zero).
There exists a Lie algebra with nonzero elementsmij ;m

�

ij , satisfying the above
relations.

Proof.Lethbe the Lie subalgebra generated bymij;m
�

ij anddijkl := [mij ;m
�

kl].
Obviously, the linear subspace spanned by elementsmij ;m

�

ij ; dijkl 2 h is closed
under the Lie bracket.

The only nonzero elements amongdijkl aredijil anddijkj. Indeed, ifi 6= k

and simultaneouslyj 6= l, then it follows from (4) and (5) that[dijkl;mrs] =

[dijkl;m
�

rs] = 0. Hence, using the Jacobi identity, we have also[dijkl; dklkl] = 0.
On the other hand, again using the Jacobi identity, we get

0 = [dijkl; dklkl] = [[mij ;m
�

kl]; dklkl] = [mij ;2m�

kl] = 2dijkl:

The number of independentdijil, j 6= l, is limited by equalitiesdijil = drjrl (it
is sufficient to consider the casei 6= r): We have

[dijil; drlrl] = [[mij;m
�

il]; drlrl] = [mij;m
�

il] = dijil:

On the other hand,

[dijil; drlrl] = [dijil; [mrl;m
�

rl]] = [mrj;m
�

rl] = drjrl:

Analogously, one shows thatdijkj = disks, i 6= k.
It remains to consider elementshij := dijij = [mij;m

�

ij ]. They are not inde-
pendent. Indeed, fori 6= r, we have

[drjrs; disij ] = [drjrs; [mis;m
�

ij ]] = [mij;m
�

ij ]� [mis;m
�

is];

and, on the other hand,

[drjrs; disij ] = [[mrj;m
�

rs]; disij ] = [mrj;m
�

rj ]� [mrs;m
�

rs]:

Hence

hij + hrs � his � hrj = 0; (6)

which also holds trivially fori = r.
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Let�: g ! h be the unique linear mapping such that

�(Ei�j) = mij;

�(E�ji) = m�

ij;

�(Eik) = dijkj; i 6= k;

�(E�j�l) = �dilij ; j 6= l;

�(Eii �E�j�j) = hij ;

(using (6) one verifies the existence of such a mapping). We prove that� is a Lie
algebra homomorphism:

�([x; y]) = [�(x); �(y)]: (7)

SinceEi�j; E�ji, and their Lie brackets, spang (in the same way asmij;m
�

ij , and
their Lie brackets, spanh), the proof reduces to the casex 2 fEi�j ; E�jig. Indeed,
assuming that (7) holds for this case, we obtain it also for the more general case
x = [x1; x2]:

�([[x1; x2]; y]) = ��([x2; [x1; y]]) + �([x1; [x2; y]])

= �[�(x2); �([x1; y])] + [�(x1); �([x2; y])]

= �[�(x2); [�(x1); �(y)]] + [�(x1); [�(x2); �(y)]]

= [[�(x1); �(x2)]; �(y)] = [�([x1; x2]); �(y)]:

For the casex; y 2 fEi�j ; E�jig, (7) is implied by the definition of�, because

[Ei�j ; E�lk] = �jlEik � �ikE�l�j ; (8)

[Ei�j ; Ek�l] = 0; (9)

[E�ji; E�lk] = 0: (10)

For the remaining casey = [y1; y2], x; y1; y2 2 fEi�j ; E�jig, it is implied by the
relations

[Ei�j ; [E�lk; Er�s]] = �ki�lsEr�j + �kr�ljEi�s; (11)

[E�ji; [Ek�l; E�sr]] = �ki�lsE�jr + �kr�ljE�si: (12)

The definition ofh yields surjectivity of�. Sinceg is simple,� must be zero or
injective. This proves the first part of the theorem.
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To show the second part, one takesmij = Ei�j,m
�

ij = E�ji; then (2)–(5) simply
coincide with Equations (9)–(12). 2

3. The Nilpotency Conditions

We denote the Lie algebra corresponding to an associative algebraA byAL.

THEOREM 2. For elementsmij;m
�

ij of an associative algebraO with identity,
satisfying conditions of Theorem1 (treated as elements of the Lie algebraOL), the
following properties are equivalent:

(1) mijmkl = �milmkj,m�

ijm
�

kl = �m�

ilm
�

kj,
(2) mijmil = mijmkj = m�

ijm
�

il = m�

ijm
�

kj = 0,

(3) mij
2 = m�

ij
2 = 0,

(4) [mij;m
�

ij ]
3 = [mij ;m

�

ij].

Proof. Implications(1)) (2)) (3) are trivial.
Assuming (3), identity[mij; [m

�

ij ;mij ]] = 2mij reduces tomijm
�

ijmij = mij ,
which allows us to calculate

[mij ;m
�

ij]
3 = (mijm

�

ij �m�

ijmij)
3

= (mijm
�

ij)
3 � (m�

ijmij)
3 = mijm

�

ij �m�

ijmij = [mij ;m
�

ij ]:

This shows that(3)) (4).
Let x � [mij;m

�

ij ] andm � mij. Using [x;m] = 2m or, equivalently,(x �
2)m = mx, we get for any polynomialw(x) the relationw(x�2) �m = m �w(x)
or, equivalently,[w(x);m] = (w(x)� w(x� 2))m. In particular,

[x3 � x;m] = 6(x� 1)2m and [(x� 1)2m;m] = 4(x� 2)m2:

Now point 4 implies

x3� x = 0; (x� 1)2m = 0; (x� 2)m2 = 0:

From these equations, one easily getsm2 = 0. Similarly, puttingx = [m�

ij;mij ]

andm = m�

ij one gets(m�

ij)
2 = 0. This proves the implication(4)) (3).

Now, assume that (3) holds. Letr be arbitrary,j 6= l. From (4) we have
mij = [mil; [m

�

rl;mrj]]. Using this andm2
il = 0 gives

mijmil = [mil; [m
�

rl;mrj]]mil = mil[m
�

rl;mrj]mil;

milmij = mil[mil; [m
�

rl;mrj]] = �mil[m
�

rl;mrj ]mil;

or 2mijmil = (mijmil +milmij) + [mij ;mil] = 0. Analogously, one can derive
the remaining equalities occurring under point (2). More precisely, it suffices to
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notice the invariance of the considered relations under the substitutionmij ! mji,
m�

ij ! m�

ji, and the substitutionmij ! m�

ij,m
�

ij ! mij, respectively. Therefore,
(3)) (2).

To prove the implication(2)) (1) we proceed as follows. Fori 6= k andj 6= l

we have

mij = [mkj ; [m
�

kl;mil]] and mil = [mkl; [m
�

kl;mil]];

yieldingmijmkl = mkj[m
�

kl;mil]mkl = �mkjmil. The second part of point (1)
is an immediate result of the substitutionmij ! m�

ij,m
�

ij ! mij. 2

LEMMA 1. Relations[E1; [E2; E1]] = E2
1 = E2

2 = 0 imply [E1; E2]
2 = 0. In

particular, ifmij;m
�

ij satisfy the assumptions of Theorem2and have the properties
formulated there, then[mij ;m

�

kl]
2 = 0, (i; j) 6= (k; l) (this generalizes property

(3) of Theorem2).
Proof.Since

0 = [E1; [E2; E1]] = 2E1E2E1�E1E1E2 �E2E1E1;

we haveE1E2E1 = 0, and, thus,[E1; E2]
2 = (E1E2�E2E1)

2 = 0.

DEFINITION 1. Let Om denote the free algebra with identity, generated by
mij;m

�

ij under relations:

[mij ;mkl] = 0; (13)

[m�

ij ;m
�

kl] = 0; (14)

[mij ; [m
�

kl;mrs]] = �ki�lsmrj + �kr�ljmis; (15)

[m�

ij ; [mkl;m
�

rs]] = �ki�lsm
�

rj + �kr�ljm
�

is; (16)

mij
2 = m�

ij
2
= 0: (17)

Let us denote byUg the enveloping algebra of the Lie algebrag and byI � Ug

the ideal generated byfE2
�� :� 6= �g.

THEOREM 3. The algebraOm is isomorphic to the quotient algebraUg=I.
Moreover,g � Ug=I, i.e.g \ I = f0g.

Proof.By Theorem 1, there exists a Lie algebra homomorphism�L: g ! (Om)L
such that�L(Ei�j) = mij , �L(E�ji) = m�

ij . It lifts uniquely to a homomorphism
�:Ug ! Om, and ker� is the ideal generated byfE2

i�j
; E2

�ji
g (cf. relation (17)). Due

to Lemma 1, this ideal coincides withI. Thus,Om is isomorphic toUg=I.
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Consider the homomorphism~R:Ug !M2N (C )of associative algebras, unique-
ly defined by the condition~Rjg = idg. Obviously, ~R(I) = 0, because the square
of the matrixE�� 2 M2N (C ) vanishes for� 6= �. Hence, ~R factorizes to a
homomorphismR:Ug=I ! M2N (C ). Of course,R([g]) = g, for g 2 g and
[g] := g + I 2 Ug=I. Hence,g � Ug=I. 2

The Weyl group ofsl(2N; C ) (i.e. the group of permutations of the 2N -element
setI), acting on the algebraUg, leaves the setfE2

�� :� 6= �g invariant. Thus, it
leaves the idealI invariant. This leads to a generalization of Theorem 2 (point (3)
has no counterpart here, because we took it as the definition ofI).

THEOREM 4. In the algebraUg=I we have

(1) E��E
� = �E��E
�, for �; �; 
; � mutually distinct,
(2) E��E�
 = 0 = E��E
�, for �; �; 
 mutually distinct,
(3) H3

�� = H��, whereH�� = E�� �E��.

Proof.Let

r 2 N;X = f(�1; �2; : : : ; �r) 2 I
r: (i 6= j)) (�i 6= �j)g;

� � (�1; �2; : : : ; �r) := (�(�1); �(�2); : : : ; �(�r)):

It is easy to verify that this defines a transitive action of the permutation group on
X . Now, the statement follows from Theorems 3 and 2, and from transitivity of
the action just defined, takingr = 4;3;2. 2

THEOREM 5. Ug=I is a finite-dimensional vector space.
Proof.TakefH�;�+1g[fE�� :� 6= �g as an ordered basis ing. It follows from

the Poincaŕe – Birkhoff – Witt theorem [1] that standard monomials built from
elements of this basis form a basis inUg. Due to point (3) of Theorem 4, dividing
by the idealI reduces the standard monomials built from these elements to a finite
number. 2

4. Representations ofOm

It is possible to describe all finite-dimensional representations ofUg=I (and, thus,
also those ofOm) in terms of representations of the simple Lie algebrag.

Let there be given a representation�:Ug=I ! End(V ), dim V < 1. The
restriction of� to g is a representation�jg of the Lie algebrag. Sinceg is simple,
it decomposes into a direct sum of irreducible ones. Sinceg � Ug=I generates
the algebraUg=I, the decomposition of the representation� is the same. This
shows that any finite-dimensional representation of the algebraUg=I is completely
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reducible, and each of its irreducible components is a unique extension toUg=I

of some irreducible representation of the Lie algebrag. Due to Theorems 2 and
4, the necessary and sufficient condition for the existence of such an extension is
that�(H��)

3 = �(H��), for any� 6= �. The linear spaceV of any representation
of g is a direct sum of weight spaces. Thus, the above condition is equivalent to
the following one: for any weightm of the irreducible representation�, we have
m(H��)

3 = m(H��). This holds if the weights of� give only�1, 0 or 1 when
evaluated on the elementsH��. From the general theory ([11]), we know that the
irreducible representations ofg are in one-to-one correspondence with dominant
integral weights (i.e. weights which onH��, � < �, are nonnegative and integral).
To determine a weight, one can give the sequence of its values on the elements
H�;�+1. If this sequence consists of exactly one unit and some zeros, the weight is
called fundamental.

COROLLARY 1. A finite-dimensional irreducible representation� of the algebra
Ug=I is uniquely determined by the highest weightm of the Lie algebra represen-
tation�jg; m must be fundamental or zero.

This statement completely characterizes the irreducible representations ofUg=I.
Indeed, one easily constructs a representation for any fundamental weight and
for the zero weight: LetV denote the free vector space spanned byP = 2I =

fA:A � Ig. For�0 = �+1, one defines�(E��0); �(E�0�) 2 End(V ) as follows:

�(E��0)(1 � A) =

(
1 � (A [ f�gnf�0g); if �0 2 A;� =2 A;

0; if �0 =2 Aor� 2 A;
(18)

�(E�0�)(1 � A) =

(
1 � (A [ f�0g n f�g); if � 2 A;�0 =2 A;

0; if � =2 Aor�0 2 A:
(19)

For a fixedZ 2 Z, letVZ � V denote the linear subspace spanned byPZ := fA �
I: jAj = Zg. The subspaceVZ is �(Ug=I)-invariant. LetvZ 2 VZ be 1�AZ , where
AZ 2 PZ consists of the firstZ elements inI. The weights of the representation
� are such that one concludesvZ is a highest weight vector of the irreducible
representation(VZ ; �jVZ ). ForZ = 1;2; : : : ;2N � 1 this gives the fundamental
highest weights; forZ = 0 orZ = 2N , the zero weight.

Now, let�:x 7! x� be the unique antilinear anti-endomorphism of the algebra
Ug=I such thatE�

�� = E��, (equivalently, such that(mij)
� = m�

ij, (m
�

ij)
� = mij).

With this operation,Ug=I becomes a�-algebra.
We endowVZ with a Hilbert space structure, taking the scalar productgZ

such thatf1 � A:A 2 PZg is an orthonormal set. The irreducible representation
(HZ ; �jHZ ), whereHZ = (VZ ; gZ), is a �-representation. This representation
coincides with the canonicalZ-representation defined in [3]. It was shown in
[3] that HZ is an eigenspace of the total charge operatorQ̂, with eigenvalue
Q = e(Z �N).
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COROLLARY 2. The representation
L2N�1

Z=0 (HZ ; �jHZ ) is faithful and defines an
isomorphism of�-algebras

Ug=I �=

2N�1M
Z=0

B(HZ); dim(HZ) =

 
2N
Z

!
: (20)

This is in accordance with the well-known fact that any�-algebra of linear
operators on a finite-dimensional Hilbert space is a direct sum of factors. The
centerC of Ug=I has the formC =

L
i Ci, with Ci = C11i . It is generated by

the total charge operator̂Q (see [3]), with the components in this direct sum
corresponding to the spectral decomposition ofQ̂. Observe, however, that – strictly
speaking –̂Q cannot be fully reconstructed from (18), becauseone one-dimensional
representation is lacking. On the other hand, we stress thatQ̂2 is a linear function of
the Casimir operator and can be easily expressed in terms of the generatorsfE��g.

THEOREM 6. Any finite dimensional irreducible�-representation of the algebra
Ug=I is unitarily equivalent to(HZ ; �jHZ ), for someZ.

Proof.Let (H;�) be a finite-dimensional irreducible�-representation ofUg=I.
Of course,(H;�) is algebraically equivalent to(VZ ; �jVZ ), for someZ. Thus,
(H;�) is unitarily equivalent to the canonicalZ-representation(HZ ; �jHZ ) – due
to the following well-known fact [12], (point 2.9.6): If two irreducible representa-
tions of aC�-algebra are algebraically equivalent, then they are also equivalent as
�-representations. 2

4. Concluding Remarks

A comparison of our results with results obtained within the (continuum) algebraic
quantum field theory approach is only partially possible.

(1) In Section 10 of [3], a possible strategy to construct the continuum theory as a
limit of its lattice approximations was discussed. In particular, such a construction
must include charge renormalization. It turns out that the algebraOm may be
generated by operatorŝM
 corresponding to either trivial or 1-link paths
. In
the continuum limit, these generators would correspond to operatorsW (x) :=
 ̂�(x) ̂(x) and Vk(x) :=  ̂�(x)Dk ̂(x). Of course, such products are highly
singular in the conventional formulation of QED. Our results suggest that, maybe,
we must look for a continuum theory of the gauge-invariant fieldsW andVk, which,
together with the electromagnetic fieldsB andE should be treated as fundamental
fields, instead of nonphysical objects ̂(x).

(2) It is probably too difficult to rigorously construct the full continuum limit
addressed in the previous comment. But, due to the algebraic structure given by
Theorem 3, it seems to be possible to construct at least the thermodynamic limit
(infinite lattice) using methods developed in recent years, see, e.g., [13] and further
references therein.
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(3) In [9], the concept of charge classes was developed. It was shown that
within every charge class there exist inequivalent representations corresponding to
different asymptotic flux distributions which, however, are unitarily equivalent on
lightconesV ++a, resp.V �+a, (with apexa) in position space. This way a criterion
for distinguishing between the electric charge (carried by massive particles) and
superselection sectors corresponding to inequivalent asymptotic infrared clouds of
photons was found. In our case of afinite lattice, it turns out (see Section 8 in [3])
that for any fixed total charge sector representations corresponding to different flux
distributions on the boundary are unitarily equivalent. However, after performing
the thermodynamic limit, we hope to see the above charge classes.

(4) In [7], so-called charged morphisms, which had to be used to create charged
states out of the physical vacuum, were introduced. They were obtained as weak
limits of charge transfer cocycles. Heuristically, these cocycles correspond to
‘charged field bundles’, which formally were already invented in [8]. Using our
wave function representation of physical states, from formula (8.1) in [3] we read
off the finite lattice counterparts of these charged field bundles. On the other hand,
due to the structure ofOm given by Corollary 2, there are no nontrivial�-morphisms
ofOm intertwining between different sectors. But again, after performing the ther-
modynamic limit, we hope to construct charge transfer cocycles and, consequently,
also rigorously charged morphisms.
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