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Wehrl entropy, Lieb conjecture, and entanglement monotones
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We propose to quantify the entanglement of pure states ofN3N bipartite quantum systems by defining its
Husimi distribution with respect to SU(N)3SU(N) coherent states. The Wehrl entropy is minimal if and only
if the analyzed pure state is separable. The excess of the Wehrl entropy is shown to be equal to the subentropy
of the mixed state obtained by partial trace of the bipartite pure state. This quantity, as well as the generalized
~Rényi! subentropies, are proved to be Schur concave, so they are entanglement monotones and may be used
as alternative measures of entanglement.
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I. INTRODUCTION

Investigating the properties of a quantum state it is use
to analyze its phase-space representation. TheHusimi distri-
bution is often very convenient to work with: it exists for an
quantum state, is non-negative for any pointa of the classi-
cal phase spaceV, and may be normalized as a probabili
distribution @1#. The Husimi distribution can be defined a
the expectation value of the analyzed state% with respect to
the coherent stateua&, localized at the corresponding poin
aPV.

If the classical phase space is equivalent to the plane,
uses the standard harmonic oscillator coherent states~CS’s!,
but in general one may apply the group-theoretical const
tion of Perelomov@2#. For instance, the group SU(2) lead
to spin-coherent states parametrized by the sphereS25CP1

@3,4#, while the simplest, degenerated representation
SU(K) leads to the higher vector coherent states par
etrized by points on the complex projective manifoldCPK21

@5–7#. One may define the Husimi distribution of th
N-dimensional pure stateuf& with respect to SU(K)-CS’s for
anyK<N, but it is important to note that ifK5N, any pure
state is by definition SU(N) coherent.

Localization properties of a state under consideration m
be characterized by theWehrl entropy, defined as the con
tinuous Boltzmann-Gibbs entropy of the Husimi functio
@8#. The Wehrl entropy admits the smallest values for coh
ent states, which are as localized in the phase space, a
lowed by the Heisenberg uncertainty relation. Interesting
this property, first conjectured by Wehrl@8# for the harmonic
oscillator coherent states, was proved soon afterwords
Lieb @9#, but an analogous result for the SU(2)-CS’s still
awaits rigorous proof. This unproven property is known
the literature as theLieb conjecture@9#. It is known that the
SU(2)-CS’s provide a local minimum of the Wehrl entrop
@10#, while a proof of the global minimum was given fo
pure states of dimensionN53 and N54 only @11,12#. A
generalized Lieb conjecture, concerning the Re´nyi-Wehrl en-
tropies of integer orderq>2, occurred to be easier than th
1050-2947/2004/69~2!/022317~11!/$22.50 69 0223
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original statement and its proof was given in@12,13#. It is
also straightforward to formulate the Lieb conjecture for W
hrl entropy computed with respect to the SU(K)-coherent
states@14,15#, but this conjecture seems not to be simp
than the original one.

In this work we consider the Husimi function of an arb
trary mixed quantum stater of size N with respect to
SU(N)-coherent states and calculate both its statistical m
ments and the Wehrl entropy. The difference between
latter quantity and the minimal entropy attained for pu
states can be considered as a measure of the degree of
ing.

Analyzing pure states of a bipartite system, it is helpful
define coherent states with respect to product groups.
Wehrl entropy of a given state with respect to the prod
states was first considered in the original paper of Wehrl@16#
and later used in@17# to characterize correlations betwee
both subsystems. Recently Sugita proposed using mom
of the Husimi distribution defined with respect to th
SU(N)3SU(N) product-coherent states as a way to char
terize the entanglement of the analyzed state@18#.

In this paper we follow his idea and compute explicit
the Wehrl entropy and the generalized Re´nyi-Wehrl entropies
for any pure stateuC& of the N3N composite system. The
Husimi function is computed with respect to SU(N)
3SU(N)-CS’s, so the Wehrl entropies achieve their min
mum if and only if the stateuC& is a product state. Hence th
entropy excess defined as the difference with respect to
minimal value quantifies, to what extend the analyzed stat
entangled. The Wehrl entropy excess is shown to be equ
the subentropy defined by Jozsaet al. @19#. Calculating the
excess of the Re´nyi-Wehrl entropies we define theRényi
subentropy—a natural continuous generalization of the su
entropy.

Several different measures of quantum entanglement
troduced in the literature~see, e.g.,@20–22# and references
therein! satisfy the list of axioms formulated in@20#. In par-
ticular, quantum entanglement cannot increase under the
tion of any local operations, and a measure fulfilling th
©2004 The American Physical Society17-1
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property is called an entanglement monotone.
The nonlocal properties of a pure state of anN3N system

has to be characterized byN21 independent monotone
@21#. In this work we demonstrate thatN21 statistical mo-
ments of properly defined Husimi functions naturally provi
such a set of parameters, since they are Schur-concave
tions of the Schmidt coefficients and thus are nonincreas
under local operations.

II. HUSIMI FUNCTION AND WEHRL ENTROPY

Any density matrix%PCN3N can be represented by it
Husimi functionH%(a), which is defined as its expectatio
value with respect to coherent statesua&:

H%~a!5^au%ua&. ~1!

In general one may define the Husimi distribution w
respect to SU(K)-coherent states with 2<K<N, but most
often one computes the Husimi distribution with respect
the SU(2)-coherent states, also called spin-coherent s
@3,4#. Let us recall that any family of coherent states$ua&%
has to satisfy the resolution of identity,

E
V

dm~a!ua&^au51, ~2!

wheredm(a) is a uniform measure on the classical manifo
V. In the case of the degenerated representation
SU(K)-coherent states @5–7# this manifold VK
5U(K)/@U(K21)3U(1)#5CPK21 is just equivalent to the
space of all pure states of sizeK. This complex projective
space arises from theK-dimensional Hilbert spaceHK by
taking into account normalized states and identifying all
ements ofHK which differ by an overall phase only. In th
simplest case of SU(2)-coherent states it is just the wel
known Bloch sphereV25CP15S2.

Analyzing a mixed state of dimensionalityN we are going
to use SU(N)-coherent states, which will be denoted b
uaN&. With this convention the spaceV is equivalent to the
complex projective spaceCPN21, so every pure state i
SU(N) coherent and their Husimi distributions have t
same shape and differ only by the localization inV.

The SU(N)-coherent states may be defined according
the general group-theoretical approach by Perelomov, b
set of generators of SU(N) acting on the distinguished ref
erence stateu0&. We are going to work with the degenera
representation of SU(N) only, in which a coherent state ma
be parametrized byN21 complex numbersg i :

uaN&5ug1 , . . . ,gN21&ªeg1J1
•••egN21JN21u0&, ~3!

where operatorsJi may be interpreted as lowering operato
@6#. In language of theN-level atom they couple the highe
Nth level with thei th one~see, e.g.,@7#!. In the simplest case
of SU(2)-coherent states the reference stateu0& is equal to
the eigenstateu j , j & of the angular momentum’sz component
Jz with maximal eigenvalue, while the lowering operat
readsJ15J25Jx2 iJy .
02231
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To characterize quantitatively the localization of an an
lyzed state% in the phase space we compute its Husi
distributionH% with respect to SU(N)-CS’s and analyze the
momentsmq of the distribution:

mq~% !5E
VN

dm~a! ~H%~a!!q. ~4!

Heredm(a) denotes the unique, unitarily invariant measu
on CPN21, also called the Fubini-Study measure. The m
sure dm is normalized such that for any state% the first
momentm1 is equal to unity, so the non-negative Husim
distributionH% may be regarded as a phase-space probab
distribution.

The definition of the momentsmq is not restricted to in-
teger values ofq. However, from a practical point of view i
will be easier to perform the integration for integer values
q. But oncemq are known for all integerq, there is a unique
analytic extension to complex~and therefore also real! q, as
integers are dense at infinity.

Another quantity of interest is the Wehrl entropySW , de-
fined as@8#

SW~% !52E
VN

dm~a!H%~a!ln H%~a!. ~5!

Again, performing the integration might be difficult. But
all the momentsmq are known in the vicinity ofq51, one
can deriveSW quite easily. Using]Hq/]q5Hqln H, one gets

SW~% !52 lim
q→1

]mq~% !

]q
. ~6!

The momentsmq of the Husimi function allow us to write
the Rényi-Wehrl entropy

SW,q~% !ª
1

12q
ln mq~% !, ~7!

which tends to the Wehrl entropySW for q→1. As a Husimi
function is related to a selected classical phase space
Wehrl entropy is also calledclassical entropy@8,16#, in con-
trast to thevon Neumann entropy SN52Tr % ln %, which has
no immediate relation to classical mechanics.

In Sec. III we consider how strongly a given state
mixed and in Sec. IV we discuss the nonlocality of bipart
pure states. For this purpose we pursue an approach ins
by the Lieb conjecture@9#, according to which the Wehr
entropySW of a quantum state is minimal if and only if% is
coherent. In order to measure a degree of mixing of a mo
partite mixed state of sizeN we therefore use the
SU(N)-coherent state, while for the study of entanglemen
a bipartite pureN3N state we use the coherent states rela
to the product group SU(N)3SU(N).

III. MONOPARTITE SYSTEMS: MIXED STATES

In this paragraph we will focus on mixed states%
PCN3N acting on anN-dimensional Hilbert spaceHN . Such
7-2
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a state may appear as a reduced density matrix% r , defined
by the partial trace% r(C)5TrAuC&^Cu of a pure stateuC&
PHN^ HN of a bipartite system. One could also conside
system coupled to an environment in which a mixed stat
obtained by tracing over the environmental degrees of fr
dom. The von Neumann entropySN quantifies, on the one
hand, the degree of mixing of% r and, on the other, the non
local properties of the bipartite stateuC&.

To obtain an alternative measure of mixing of% we are
going to investigate its Husimi function defined with respe
to the SU(N)-CS’s asH%

(1)(a)5^aNu%uaN&. The moments
mq of the Husimi distribution can be expressed as functio
of the eigenvaluesl i of %, which in the case of a reduce
state of a bipartite system coincide with the Schmidt coe
cients of the pure stateuC&. The derivation of the explicit
result in terms of the Euler gamma function,

mq5
N!G~q11!

G~q1N!
mq,N ,

with

mq,N5(
i 51

N
l i

q1N21

)
j 51,j Þ i

N

~l i2l j !

, ~8!

is provided in Appendix A. Performing the limit~6! we find
that the Wehrl entropySW equals the subentropyQ(%) up to
an additive constantCN :

SW~% !5Q~% !1CN . ~9!

The N-dependent constant can be expressed as

CN5C~N11!2C~2!5 (
k52

N

1/k, ~10!

where the digamma function is defined byC(x)
5] ln G(x)/]x. The subentropy

Q~% !52(
i 51

N
l i

Nln l i

)
j 51,j Þ i

N

~l i2l j !

5:Q~lW ! ~11!

was defined in an information-theoretical context@19#. It is
related to the von Neumann entropySN(%) in the sense tha
both quantities give the lower and the upper bounds for
information which may be extracted from the state% @19#.
The subentropyQ(%) takes its minimal value 0 for pure
states with only one nonvanishing eigenvalue. Therefore
define the entropy excessDS as

DS~% !5SW~% !2SW~rc!, ~12!

where rc refers to an arbitrary pure state and the We
entropy of an arbitraryN-dimensional pure state is given b
SW(rc)5CN . Hence the entropy excess, equal to the sub
tropy DS(%)5Q(%), is non-negative and equal to zero on
for pure states.
02231
a
is
e-

t

s

-

e

e

l

n-

As a by-product we find a bound onSW(%). The suben-
tropy Q(%) is known not to be larger than the von Neuma
entropy SN @19#. Using this fact and Eq.~9! we find that
SW(%)<SN(%)1CN . As it is also known that the von Neu
mann entropySN is not larger than the Wehrl entropySW(%)
@8#, we end up with the following upper and lower bounds
SW(%):

SN~% !1CN>SW~% !>SN~% !. ~13!

IV. BIPARTITE SYSTEMS: PURE STATES

Let us now focus on bipartite systems described by a H
bert spaceH that can be decomposed into a tensor prod
H5HA^ HB of two subspaces. With a local unitary transfo
mation Ul5UA^ UB any pure stateuC&PH can be trans-
formed to itsSchmidt form@23#

uC&5(
i 51

N

Al i u i &A^ u i &B , ~14!

whereN5min(dimHA ,dimHB) and the real prefactorsl i
calledSchmidt coefficientsare the eigenvalues of the reduce
density matrix% r . Thanks to theSchmidt decompositionwe
can assume dimHA5dimHB5N without loss of generality.
Following an idea of Sugita@18# we consider the question
whether the Wehrl entropy of a bipartite state can serve a
measure of entanglement. He defined a coherent stateua2

(M )&
of an M-partite qubit system as the tensor product ofM co-
herent statesua2

(1)& of single-qubit systems. We generaliz
this approach for bipartite systems, omitting the restriction
qubits, and calculate all moments and the Wehrl entropy
the respective Husimi functions. For a bipartite pure st
uC&PH, we use the tensor product of two SU(N)-coherent
statesuaN

(2)&5uaN& ^ 2PH to define a Husimi function. More
explicitly one can writeuaN

(2)&5uaN&A^ uaN&B , with uaN&A

PHA and uaN&BPHB ~we will drop the index referring to
the subsystem wherever there is no ambiguity!. Such bipar-
tite coherent states were used already in the original pape
Wehrl @16#.

The Husimi functionH of a bipartite stateuC& is then
given by

HC~aA ,aB!5u^Cu~ uaN&A^ uaN&B)u2. ~15!

By definition any product state is
SU(N)3SU(N)-coherent state. According to the Lieb co
jecture, originally formulated for SU(2)-coherent states, th
Wehrl entropy is minimal for coherent states@9#. Hence it is
natural to expect that the Wehrl entropy

SW~c!52E
VN

dmA~a!E
VN

dmB~a!

3HC~aA ,aB!ln HC~aA ,aB! ~16!

provides a measure of how ‘‘incoherent’’ a given state
Due to the equivalence of ‘‘coherence’’ and separability,
expect thatSW can also serve as an entanglement measure
7-3
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the following we discuss the properties ofSW and show that
it satisfies all requirements of entanglement monoto
@20,21#.

There is a one-to-one correspondence between states
Husimi functions. Concerning entanglement, two differe
states that are connected by a local unitary transformation
considered equivalent. As by construction the momentsmq
of H are invariant under local unitary transformations, th
reflect this equivalence and therefore can be expected t
good quantities to characterize the nonlocal properties
bipartite state. For a pure stateuC&PHA^ HB , there areN
21 independent moments, determiningN21 independent
Schmidt coefficients~one coefficient is determined by th
normalization!. In our case the moments read

mq5E
VN

dmA~aA!E
VN

dmB~aB!@HC~aA ,aB!#q, ~17!

where the integration is performed over the Cartesian pr
uct VN3VN , being the space of all product pure states
the bipartite system. The proper normalization ofdmA and
dmB assures thatm151. The requiredN21 monotones can
be provided bymq with q52, . . . ,N. The moments can be
expressed as a function of the Schmidt coefficientsl i , de-
fined in Eq.~14!,

mq5S N!G~q11!

G~q1N! D 2

mq,N , ~18!

and are related to the monopartite moments@Eq. ~8!# by a
multiplicative factor. The derivation of this result is provide
in Appendix A. Having closed expressions for the mome
that can be extended to realq, one easily finds the bipartite
Wehrl entropy

SW~c!52E
VN

dm1~aA!E
VN

dm2~aB!

3HC~aA ,aB!ln HC~aA ,aB!. ~19!

Albeit arising from a completely different physical conte
this integral is formally similar to that one in@19# leading to
the definition of subentropy. Performing the limit~6! one
finds thatSW equals the corresponding monopartite quan
up to an additive constant:

SW~C!5Q~lW !12CN . ~20!

The subentropyQ(l) takes its minimal value 0 if and
only if a given state is separable—i.e., if all but one Schm
coefficients vanish. Therefore we define the bipartite entr
excessDSW(C),

DSW~C!5SW~C!2SW~fsep!5Q~% r !, ~21!

which is vanishing if and only ifuC& is separable. Further
more, one can also consider the Re´nyi-Wehrl entropySRW

(q)

5@1/(12q)# ln mq .
02231
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In order to use the momentsmq as entanglement mono
tones, it is conventional to rescale them such that they va
for separable states and are positive for entangled ones:

Mq5
1

12q
~mq,N21!. ~22!

These quantities are analogous to the Havrda-Charvat
tropy ~also called Tsallis entropy! @24,25# and in the limitq
→1 one obtains the subentropy

lim
q→1

Mq5Q~lW !. ~23!

V. RÉNYI SUBENTROPY

As discussed in previous sections, the excess of the W
entropyDS may be used as a measure of the degree of m
ing for monopartie states or of the degree of entanglem
for pure states of bipartite systems. Since the moments of
Husimi distribution are found, we may extend the abo
analysis for the Re´nyi-Wehrl entropySW,q defined by Eq.
~7!.

Considering, for instance, the case of mixed states o
monopartite system we use Eq.~8! to find the minimal
Rényi-Wehrl entropy attained for pure states%c :

CN,q5SW,q~%c!5
1

12q
ln

N!G~q11!

G~q1N!
, ~24!

which for q→1 reduces to Eq.~10!. In an analogy to Eq.~9!
we define the Re´nyi-Wehrl entropy excess

DSW,q~% !5SW,q~% !2CN,q . ~25!

Applying Eq. ~8! it is straightforward to obtain result in
terms of the eigenvaluesl i of the analyzed state%:

DSW,q~% !5
1

12q
ln (

i 51

N
l i

q1N21

)
j 51,j Þ i

N

~l i2l j !

5:Qq~lW !.

~26!

This result shows that the excess of the Re´nyi-Wehrl entropy
Qq(%)5Qq(lW ) may be calledRényi subentropysince forq
→1 it tends to the subentropy~11!. On the one hand, it may
be treated as a function of an arbitrary quantum state%; on
the other, it may be defined for an arbitrary classical pro
ability vectorlW .

In a senseQq is a quantity analogous to the Re´nyi entropy
Sq , which may be defined for an arbitrary probability vecto

Sq~lW !5
1

12q
ln(

i 51

N

l i
q . ~27!

In the case of quantum statesSq is defined as a function o
the qth moment of the respective state:

Sq~% !5
1

12q
ln~Tr %q!. ~28!
7-4
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In the following we will sketch some properties ofQq(lW )
as a function of a classical probability vector. All the cons
erations are also applicable in the quantum case, particu
if we useQq as an entanglement monotone using the m
ments discussed in the preceding section. Let us define
distinguished probability vectors which correspond to e
treme cases:lW * with l i* 51/N ( i 51, . . . ,N) describes the

maximal random event, whereaslW s with l i
(s)5d i , j with

j P@1, . . . ,N# describes an event with a certain result. Fo
bipartite quantum system a vector of Schmidt coefficie
given bylW * represents a maximally entangled state, wher
lW s describes a separable state.

The Rényi subentropyQq(lW ) has the following proper-
ties.

~i! Qq(lW s)50 for anyq.
~ii ! Qq takes its maximal value

Qq
max5

1

12q
ln

G~q1N!

G~q11!N!

1

Nq

for lW * . For q→1 one hasQq
max5CN2 ln N.

~iii ! As m0
(1)51 one immediately has limq→0Qq(lW )50

for any vectorlW .
~iv! For q→1 one obtains the regular subentrop

limq→1Qq(lW )5Q(lW ).

FIG. 1. Rényi entropySq ~dashed lines! and Rényi subentropy
Qq ~solid lines! as a function ofq for two exemplary probability
distributions. We have chosenN54 probability vectors with power-
law-distributed componentspj} j k with k53/2 in ~a! andk53 in
~b!. Stars atq51 represent Shannon entropy~upper! and suben-
tropy ~lower!. We conjecture thatQq is both nondecreasing an
concave with respect to the Re´nyi parameterq.
02231
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~v! For q→` one gets limq→`Qq(lW )52 ln lmax, where
lmax is the largest entry oflW . Hence this limit coincides with
the limit q→` of the Rényi entropySq(lW ).

~vi! Qq is expansible; i.e., it does not vary if the probabil
ity vector lW is extended by zero,Qq(l1 , . . . ,lN)
5Qq(l1 , . . . ,lN,0).

A discrete interpolation between the subentropyQ and the
Shannon entropyS was recently proposed in@26#. Note that
a continuous interpolation between these quantities may
obtained by the Re´nyi subentropyQq for q increasing from
unity to infinity combined with the Re´nyi entropySq for q
decreasing from infinity to unity. It is well known@27# that
the Rényi entropySq is both a nonincreasing function ofq
and convex with respect toq.

We conjecture that the Re´nyi subentropy has opposit
properties: it is nondecreasing as a function ofq and it is
concave with respect toq. See Fig. 1 for some exemplar
cases. Figure 2 presents both quantities forN52, while Figs.
3 and 4 present the curves of isoentropyQq and equal mo-
mentsMq obtained forN53.

VI. SCHUR CONCAVITY

So far we defined the rescaled moments, Re´nyi entropy
and Rényi subentropy. All these quantities are constructed
such a way that they are vanishing exactly for separa
states. In order to legitimately use these quantities as
tanglement monotones for pure states, we still have to sh
that they are nonincreasing under local operations and c
sical communication or, analogously, that they are Sc
concave@21,28#—i.e.,

lW ajW ⇒ DSW~lW !>DSW~jW ! ~29!

or equivalently for the other considered quantities. The
pressionlW ajW means thatlW is majorized byjW ; i.e., the com-
ponents of both vectors listed in increasing order sati
( i 51

j l i<( i 51
j j i for 0, j <N. In order to be Schur concave

DSW(lW ) has first to be invariant under exchange of any t
arguments, which is obviously the case, and second it ha
satisfy @29#

~l12l2!S ]DSW

]l1
2

]DSW

]l2
D<0. ~30!
e
FIG. 2. Rényi entropySq ~thin line! and Rényi subentropyQq ~thick line! line for theN52 probability vectors as a function of the on
independent variablex for q51/2 ~a!, q51 ~b!, q52 ~c!, andq510 ~d!. The maximum of the Re´nyi subentropy is increasing withq whereas
the maximum of the Re´nyi entropy is independent ofq. In the limit q→` both quantities converge to2 ln lmax, wherelmax is the largest

component of the vectorlW .
7-5
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FIG. 3. Rényi subentropyQq as a function of two independent variables of theN53 probability distributions,q51/2 ~a!, q51 ~b!, q
52 ~c!, andq55 ~d!. Gray scale is used to represent the values of subentropy: the higherq, the larger the maximum ofQq at the center

lW 5(1/3,1/3,1/3), which refers to maximally entangled states.
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For convenience we will first considermq,N . Once we know
about the Schur convexity or Schur concavity ofmq,N one
can easily deduce the Schur concavity of all other discus
quantities. The quantitiesmq,N can be expressed by the re
resentation@see Eq.~B1!#

mq,N5
G~q1N!

G~q11!
E

D
dx~lW xW !q,

where dx is a shorthand notation fordx1•••dxN and the
integration is performed over the simplexD containing all
probability vectorsxW with ( ixi51. Making use of this rela-
tion and assumingl1.l2 without loss of generality, we ob
tain

]mq,N

]l1
2

]mq,N

]l2
5

G~q1N!

G~q11!
E

D
dx~lW xW !q21~x12x2!.

~31!

The full measure of the probability simplexD can be divided
into two symmetric parts, the first part specified byx1,x2,
the second one byx1.x2. After exchanging the labelsx1
andx2 in the second part, the first and the second part co
cide and one gets

]mq,N

]l1
2

]mq,N

]l2
5

G~q1N!

G~q11!
E

D.

dx~x12x2!~l12l2!

3F S l1x11l2x21(
i .2

l ixi D q21

2S l1x21l2x11(
i .2

l ixi D q21G . ~32!
02231
ed

-

Since x1.x2 and l1.l2, one has x1l11x2l2.x2l1
1x1l2. Therefore forq.1 the integrand is non-negativ
and so is the integral. For 0,q,1 the integrand is nonposi
tive. Thusmq,N is Schur convex forq.1 and Schur concave
for 0,q,1. Using this, one easily concludes that

~l12l2!S ]

]l1
2

]

]l2
D ]mq,N

]q U
q51

>0. ~33!

As DSW can be expressed asDSW52 limq→1]mq,N /]q,
Schur concavity of the subentropy can directly inferred fro
the corresponding properties ofmq,N . Also the rescaled mo-
ments~22! are Schur concave for all values ofq, as 12q is
negative forq.1 wheremq,N is Schur convex.

For the Re´nyi subentropyQq with qÞ1 we have

~l12l2!S ]Qq

]l1
2

]Qq

]l2
D

5
1

12q

1

Qq
~l12l2!S ]mq,N

]l1
2

]mq,N

]l2
D . ~34!

Qq is a positive quantity. Using Schur concavity ofmq,N for
0,q,1 and Schur convexity forq.1, we conclude thatQq
is Schur concave for all positive values ofq.

Since we have shown that the subentropy, rescaled
ments, and Re´nyi subentropy vanish if and only if the con
sidered state is separable and that these quantities are S
concave, these quantities are entanglement monotones
may serve as legitimate measures of quantum entanglem
Let us emphasize that the monotones found in this w
differ from the Rényi entropies@30# and the elementary sym
metric polynomials of the Schmidt coefficients@31# and can-
not be represented as a functions of one of these quanti
FIG. 4. Rescaled momentsMq as a function of two independent variables forN53 probability vectors,q51/2 ~a!, q51 ~b!, q52 ~c!,
andq55 ~d!. Labels at corners identify pure separable states. Note that in generalMq is not a monotonically increasing function ofq.
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TABLE I. Wehrl entropy excess in various setups. This quantity measures the ‘‘distance’’ of a given mixed state from the subse
states, the distance of a given pure state from the subset of all SU(K)-coherent states, and the distance of a given pure state of a comp
system from the subset of all separable~product! states.

States Mixed Pure Pure Pure Pure
Systems simple simple simple bipartite multipartite
Coherent states SU(N)-CS SU(2)-CS SU(K)-CS SU(N) ^ SU(N)-CS SU(N) ^ M-CS

uaN&PCPN21 ua2&PCP1 uaK&PCPK21 uaN& ^ 2P(CPN21)32 uaN& ^ MP(CPN21)3M

Minimal Wehrl entropy Smin5S(uaN&) Smin5S(ua2&) Smin5S(uaK&) Smin52S(uaN&) Smin5MS(uaN&)
Generic states r:HN→HN uc&PCPN21 uc&PCPN21 uC&PCPN221 uC&PCPNM21

Wehrl entropy excessDS S(r)2CN S(uc&)2C2 S(uc&)2CK S(uC&)22CN S(uC&)2MCN

Measures degree of mixing non-SU(2)
coherence

non-SU(K)
coherence

bipartite
entanglement

non-M -partite
separability
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VII. OUTLOOK

Defining the Husimi function of a given pure state of
bipartiteN3N system with respect to coherent states rela
to SU(N)3SU(N) product groups and computing the Weh
entropy allows us to establish a link between the phase-s
approach to quantum mechanics and the theory of quan
entanglement.

This approach may be considered as an example
more general method of measuring the closeness of an
lyzed state to a family of distinguished states. This id
inspired by the work of Sugita@18#, may be outlined in the
following setup:

~a! Consider a set of~pure or mixed! states you wish to
analyze.

~b! Select a family of distinguished~coherent! statesua&,
related to a given symmetry group and parametrized b
point on a certain manifoldV. This family of states has to
satisfy the identity resolution,*Vua&^audV5I.

~c! Define the Husimi distribution with respect to the ‘‘co
herent’’ states and find the Wehrl entropy for a coherent st
Smin5S(ua&).

~d! Calculate the Wehrl entropy for the analyzed st
S(uc&).

~e! Compute the entropy excessDS5S(uc&)2Smin ,
which characterizes quantitatively to what extent the a
lyzed stateuc& is not ‘‘coherent.’’

For instance, analyzing the space of pure states of sizN
we may distinguish the spin SU(2)-coherent states or, in
general, the SU(K)-coherent states~with K,N) param-
etrized by a point onCP1 and onCPK21, respectively. In the
case of theN3L composite quantum system we may dist
guish the SU(N) ^ SU(L)-coherent states. They form the s
of product ~separable! states and are labeled by a point
CPN213CPL21. For mixed states of sizeN we may select
SU(N)-coherent states—i.e., all pure states. In all these th
cases we define the same quantity, entropy excessDS, which
has entirely different physical meaning. It quantifies the
gree of non-SU(K) coherence, the degree of entangleme
and the degree of mixing, respectively, as listed in Table

Describing the items~a!–~e! of the above procedure w
have implicitly assumed that the Wehrl entropy is minima
and only if the state is ‘‘coherent.’’ This important point re
quires a comment, since the status of this assumption is
02231
d

ce
m

a
a-
,

a

e,

e

-

e

-
t,

if-

ferent in the cases discussed. For the space ofN-dimensional
pure states analyzed by Husimi functions computed with
spect to SU(2)-coherent states this statement became fam
as the Lieb conjecture@9#. Although it was proved in some
special cases of low-dimensional systems@12,13,15# and is
widely believed to be true for arbitrary dimensions, this co
jecture still awaits a formal proof. On the other hand, it
easy to see that the Wehrl entropy of a mixed state is m
mal if and only if the state is pure or the Wehrl entropy of
bipartite pure state is minimal if and only if the state is sep
rable. This is due to the fact that in both cases the entr
excess is equal to the subentropy which is non-negative
is equal to zero only if the state is pure@19#. Our results
provide thus a new physical interpretation of the subentro
Q of a mixed stater acting onHN . Consider a purification
uC&PHN^ HN of %PHN . The subentropyQ(r) provides a
measure of the localization ofuC& in the Cartesian produc
of the manifolds of monopartite pure states,CPN21

3CPN21.
One of the main advantages of our approach is that it

easily be generalized to the problem of pure states of mu
partite systems—see the last column of Table I. It is cl
that the entropy excess ofuC& is equal to zero ifuC& is a
product state, but the reverse statement requires a fo
proof. Moreover, the Schmidt decomposition does not w
for a three-~or many-! partite case. Thus in order to compu
explicitly the entropy excess in these cases, one has to
sider by far more terms than in the bipartite case. In
special case of three qubits any pure state may be chara
ized by a set of five parameters@32,33#, and it would be
interesting to express the entropy excess of an arbit
three-qubit pure states as a function of these parameters
second moment for this system was already calculated@18#
but expressions for other moments or for the Wehrl entro
are still missing.

ACKNOWLEDGMENTS

We are indebted to Andreas Buchleitner, Marek Kus´, Ber-
nard Lavenda, and Prot Pakon´ski for fruitful discussions,
comments and remarks and acknowledge fruitful corresp
dence with Ayumu Sugita. Financial support by Volkswag
Stiftung and Polish Ministry of Scientific Research und
Grant No. PBZ-Min-008/P03/03 is gratefully acknowledge
7-7



a

,

el
i
i

e
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APPENDIX A: MOMENTS OF THE HUSIMI FUNCTION

As already mentioned, every pure state belonging to
N-dimensional Hilbert spaceHN is a SU(N)-coherent state
and vice versa. Therefore, following Eq.~3!, we can param-
etrize all SU(N)-coherent states by

ua&5S 12 (
i 51

N21

xi D 1/2

u0&1 (
i 51

N21

Axie
iw iu i &, ~A1!

with

0<xi<12 (
j 5 i 11

N21

xj

and

dm5@N!/ ~2p!N21# )
i 51

N21

dxidw i .

The statesu i &, i 50, . . . ,N21, form an orthonormal basis
while u0& is the reference state. The Husimi functionHC of
a pure stateuC& with respect to SU(N) ^ SU(N)-coherent
statesuaN

(2)&5uaN&A^ uaN&B reads

HC5 (
n,m51

N

AlnlmA^aNun&A A^muaN&A

3B^aNun&B B^muaN&B , ~A2!

where uC& is represented in its Schmidt basis,uC&
5(nAlnun&A^ un&B . Theqth moment is then given by

mq5 (
n1•••nq51
m1•••mq51

N

Aln1
•••lnq

lm1
•••lmq

f q
2

3~N1 , . . . ,NN ,M1 , . . . ,MN!, ~A3!

with

f q5E dm~a!^aun1&^m1ua&^aun2&^m2ua&•••^aunq&

3^mqua&. ~A4!

The integersNi andMi count how often the statesun i& and
^m i u appear inf q . Note that one has to integrate separat
over both subsystems. Due to the symmetry of the Schm
decomposition with respect to the two subsystems, both
tegrations lead to the same result and it is just the squar
the integral overf q that is enteringmq . Using the parametri-
zation ~A1! f q can be expressed as
02231
n

y
dt
n-
of

f q5
N!

~2p!N21 )i 51

N21 E
0

xi
(max)

dxi

3E
0

2p

dw ie
i (Ni2Mi )w ixi

1
2 (Ni1Mi)

3S 12 (
j 51

N21

xj D q21/2(x51
N21Nx1Mx

, ~A5!

where the integrations overxi are performed in increasing
order of i and the upper integration limit is given byxi

(max)

512( j 5 i 11
N21 xj . It is useful to perform thew i integrations

first. They lead todNi ,Mi
terms, so that one gets

f q5N! S )
i 51

N21 E
0

xi
(max)

dxixi
NidNi ,Mi D S 12 (

j 51

N21

xj D q2(x51
N21Nx

.

~A6!

In order to perform the integrations overxi we need to define
an auxiliary function

gq~b,N!5S )
i 51

N21 E
0

x̃i
(max)(b)

dxixi
Ni D S b2 (

j 51

N21

xj D q2(x51
N21Nx

,

~A7!

with x̃i
(max)(b)5b2( j 5 i 11

N21 xj . In the following we will
show that, for any integerq,

gq~b,N!5b (q1N21)

S )
i 51

N21

Ni ! D S q2 (
i 51

N21

Ni D !

~q1N21!!
~A8!

holds. According to the definition~A7!, gq(b,N) satisfies the
relation

gq~b,N!5E
0

b

dxN21 xN21
NN21gq2NN21

~b2xN21 ,N21!.

~A9!

Making use of

gq~b,1!5E
0

b

dx1 x1
N1~b2x1!q2N1

5bq11
N1! ~q2N1!!

~q11!!
, ~A10!

we immediately have Eq.~A8! for N52:

gq~b,2!5E
0

b

dx1 x1
N1~b2x1!q2N1. ~A11!

Assuming that Eq.~A8! holds true forgq(b,N21) and mak-
ing use of Eq.~A9! one gets
7-8
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gq~b,N!5E
0

b

dxN21xN21
NN21~b2xN21!q1N222NN21

3

S )
i 51

N22

Ni ! D S q2NN212 (
i 51

N22

Ni D !

~q1N222NN21!!
.

~A12!

Using further Eq.~A10! one has

gq~b,N!5bq1N21
NN21! ~q1N222NN21!!

~q1N21!!

3

S )
i 51

N22

Ni ! D S q2 (
i 51

N21

Ni D !

~q1N222NN21!!
. ~A13!

Finally one ends up with

gq~b,N!5bq1N21

S )
i 51

N21

Ni ! D S q2 (
i 51

N21

Ni D !

~q1N21!!
;

~A14!

i.e., Eq.~A8! also holds forgq(b,N). Finally, for b51, we
get

f q5N!

F )
i 51

N21

~Ni ! !G S q2 (
i 51

N21

Ni D !

~q1N21!! )
j 51

N21

dNj ,Mj
.

~A15!

Now we have mq5(n1•••nq51
N ln1

•••lnq
f q

2 , where the

dnn ,mn
terms assure one that there are only integer power

the ln i
. Since f q depends only on the integer powersNi of

theln i
, we need to count how many terms with fixed powe

occur. Using simple combinatorics one can see that there

S q!

S )
i 51

N21

~Ni !! D S q2 (
i 51

N21

Ni D ! D 2

terms containing the expression

l1
N1l2

N2
•••lN21

NN21l
N

q2( i 51
N21Ni .

Thus finally we get

mq5S N!G~q11!

G~q1N! D 2

(N150

q

(N250

q2n1

••• (NN2150

q2( i 51
N22Ni

l1
N1l2

N2
•••

3lN21
NN21l

N

q2( i 51
N21Ni . ~A16!

To end, we will show by induction that for any positiv
integerq the quantitymq,N can be written as
02231
of

s
re

mq,N5 (N150

q

(N250

q2n1

••• (NN2150

q2( i 51
N22Ni

l1
N1l2

N2
•••lN21

NN21

3l
N

q2( i 51
N21Ni . ~A17!

As a starting point for this line of reasoning we are going
demonstrate thatm21,N50. For N52 this equality can be
checked by direct calculation. ForN.2 we have

m21,N5 (
i 51,iÞ j

N
l i

N23

)
k51,kÞ i ,kÞ j

~l i2lk!

l i

l i2l j

1
l j

N22

)
k51,kÞ j

~l j2lk!

. ~A18!

Since l i /(l i2l j )511la /(l i2l j ), we can make use o
the relation ( i 51,iÞ j

N l i
N23/)k51,kÞ i ,kÞ j (l i2lk)

5mq,N21(l1 , . . . ,l j 21 ,l j 11 , . . . ,lN), in which the right-
hand side vanishes by assumption. Therefore we end up

m21,N5l j(
i 51

N
l i

N23

)
k51,kÞ i

N

~l i2lk!

. ~A19!

We still have the freedom to choose the indexj. As the result
does not depend on the choice ofj, both sides of the equality
have to be zero. Now we can come back to the proof of
~A17!. For N52 it is just a straightforward calculation t
show that

(
n50

q

l1
nl2

q2n5
l1

q11

l12l2
1

l2
q11

l22l1
5mq,N , ~A20!

which can be checked by multiplying both sides withl1
2l2. Assuming that Eq.~A17! is true forN21 we get

mq,N5 (
n50

q

mq2n,N21lN
n . ~A21!

Making use of the assumption~A17! one obtains

mq,N5 (
i 51

N21
l i

N22

)
j 51,j Þ i

N21

~l i2l j !

l i
q112lN

q11

l i2lN

5(
i 51

N
l i

q1N21

)
j 51,j Þ i

N

~l i2l j !

2lN
q11(

i 51

N
l i

N22

)
j 51,j Þ i

N

~l i2l j !

l i
q112lN

q11

l i2lN
.

~A22!
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Now one just has to make use ofm21,N50 and one imme-
diately gets that the assumption~A17! holds true forN. This
result together with Eq.~A16! completes the proof of Eq.~8!
for positive integersq. Since integers are dense at`, we
conclude that there is a unique generalization to realq. Thus
Eq. ~8! is also valid for realq. Equation~18! for the moments
of the Husimi function of a monopartite system differs by
proportionality constant only and its proof is analogous.

APPENDIX B: INTEGRAL REPRESENTATION
OF THE MOMENTS

In order to prove that

mq,N5
G~q1N!

G~q11!
E

D
dx~lW xW !q, ~B1!

where the integration is performed over the probability si
plex D, we consider the functionhq,N(a,b) of two real vari-
ablesa andb defined as

hq,N5
G~q1N!

G~q11!
E

0

12a

dxn21•••E
0

12a2 i .1xi
dx1

3F (
i 51

n21

xil i1S 12a2 (
i 51

n21

xi D ln1bGq

. ~B2!

Now we are going to show by induction thath can be ex-
pressed as

hq,N~a,b!5(
i 51

n
@~12a!l i1b#q1n21

)
j Þ i

~l i2l j !

. ~B3!

For N52 it is straightforward to check that the assumpti
~B3! holds. ForN.2 we obtain
a-

li-

02231
-

hq,N5
G~q1N!

G~q11! (
i 51

N22
1

)
j Þ i

~l i2l j !

E
0

12a

dxN21

3@~12a2xN21!lN211b1xN21lN21#q1N22,

~B4!

where we were using the assumption forhq,N21(a
1xn21 ,b1xn21ln21). Performing the integration one get

hq,N5
G~q1N!

G~q11! S (
i 51

N22
@~12a!l i1b#q1n21

)
j Þ i

~l i2l j !

1 (
i 51

N22
@~12a!lN211b#q1n21

~lN212l i !)
j Þ i

~l i2l j !D . ~B5!

We are done if we manage to show that

(
i 51

N22
1

~lN212l i ! )
j Þ i

N22

~l i2l j !

5
1

)
j 51

N21

~lN212l j !

~B6!

or, equivalently,

p5 (
i 51

N22

)
j Þ i

N22
lN212l j

l i2l j
51. ~B7!

This is a polynomial of (N22)nd order inlN21. If we find
N21 different values forlN21 such thatp equals 1, the
polynomialp has to be identically equal to unity. Insertinglk
(k51, . . . ,N21) one gets

p5)
j Þk

lk2l j

lk2l j
51. ~B8!

Thus p[1, which completes the proof of Eq.~B3!. Setting
a5b51 in Eqs. ~B2! and ~B3!, we immediately get Eq.
~B1!.
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