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Semiclassical Spectra without Periodic Orbits for a Kicked Top
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We present ari — 0 approximation for the quasienergy spectrum of a periodically kicked top, valid
under conditions of both regular and chaotic classical motion. In contrast to conventional periodic-orbit
theory we implement the semiclassical limit for each matrix element of the Floguet operator rather than
for the trace of the propagator. Even though a classical looking action is involved, the approximate
matrix elements are specified in terms of complex ghost trajectories instead of real classical orbits. Our
mean error for the quasienergies is a surprisingly small 3% of the mean spacing.

PACS numbers: 05.45.+b, 03.65.Sq

Semiclassical approximations for quantum systems Systems with compact phase spaces and thus finite-
whose classical limit is fully chaotic are mostly baseddimensional Hilbert spaces should be the first to test
on Gutzwiller's periodic-orbit theory [1]. Even though our strategy. Any error possibly due to cutting infinite
existence problems due to the exponential proliferatiorspaces to finite size is thus excluded. We have chosen a
of periodic orbits with increasing period seem to haveperiodically kicked top.
been overcome recently, it remains notoriously difficult The effective size ofi is here controlled by an angular-
to extract more than a few energy or quasienergy levelsnomentum quantum numbegras/s « 1/j. With j fixed
Apart from exceptional systems like the cat map [2,3] andve are facing a Hilbert space &j + 1 dimensions.
some billiards on spaces of constant negative curvatur€he spectrum then consists Bf + 1 eigenphases alias
[4—6] for which periodic-orbit theory happens to be exact,quasienergies of the Floquet operator. The specific Flo-
we know of no case where a large number of levels haguet operator we work with is expressed in terms of the
been determined semiclassically. The main obstacle thusomponents of an angular-momentum operatobeying
far lies in the practical impossibility to gather sufficient [J,,J,] = i/, etc., as
knowledge about very long periodic orbits.

In applying periodic-orbit theory to the baker's
map, Dittes, Doron, and Smilansky [7] have found a
quasienergy uncertainty scaling with as A¢ « i'/?;
the ratio of A¢ and the mean quasienergy spacing thu
diverges withi — 0 as/~'/> which means impossibility

F = e—ikjf/zje—m]y/z. (1)

This accounts for a rotation by an angie/2 about the
axis followed by a nonlinear torsion about theaxis.
e have chosen the torsion strengthkas 8 in order

to make sure that in the classical limit the phase space

in calculat?ng the k.)aker—.map spectrum semiclassically._ is dominated by chaos [9]; moreover, as a nearly regular
Alternative semiclassical methods deserve exploratloncase we have treatdd= 1 ' ’

For Instance, He]le_zrs Gaussian wave.packet dy”a”.“cs The classical phase space, incidentally, is the sphere
has yielded surprisingly accurate long-time results WhICf‘,im‘ j = A point on that sphere may be
might eventually be employed to determine spectra [8]: spejcified by angles defined by, = j sing cosp, J, =

We propose here a different scheme for |mplement|n%. singsing, J. — jcos). We have found it convenient to

the limit % — 0 for per|od|ca||_y driven systems. We r€P" \work with the complex stereographic projection variable
resent the Floquet operator (i.e., the unitary time evolution

operator over a period of the driving) as a matrix in a bg- y = et tan% . (2)
sis of coherent states. Each such state may be associated ' ' . o

with a classical phase space cell which shrinks to a point terms of this coordinate the classical limit yields the
in the limit # — 0. After employing a suitable integral Stroboscopic map of a pointinto its imagel” as

representation for each matrix element, for instaada 1+ P
Feynman, the semiclassical limit is implemented through r = Y ex;{—iku) 3)
a saddle-point approximation. Upon diagonalizing the re- 1= L+ yy*

sulting matrix we obtain our semiclassical quasienergy Our semiclassical goal suggests to represent the Floquet
spectrum. operator in a coherent-state basis. An angular-momentum
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coherent state [10], to be denoted l# ¢) or |y), as-
signs a direction to the angular momentum(gg/, |y) =
j sing cosp, etc., with an uncertainty sii\oA¢p o« 1/,
i.e., the best directional precision permitted by the com-
mutation relations. In particular, such a state is the joint
eigenstatd;, j) of 72 andJ, with eigenvaluesi(j + 1)
and j, respectively. All the other coherent states can be
generated from this particular one by applying the rota-
tion operator which turns the positivedirection into the
direction (6, ¢).

We shall need the matrix element of the Floquet
operatorF between two coherent states [11]

-20 '

B (1 — ,y)Zefik/Z J ij +oo ) 0 10 20
(4)

Fig. 1. Gray-scale coded contour plot|ef’®| in the complex
¢t plane. White regions indicatée’| > 1 and dark ones
with the exponent le/V] < 1. The thick black line shows the path of constant
phase from -« to +o through saddles (thick dots) and
i, N U T interlacing zeros ofe’V. Small dots refer to saddles not on
V=50t 2In(1 + v), v="T 1—5¢ allowed paths of integration.

5 . . . .

©) modulus of the semiclassical error for a typical matrix ele-
In the semiclassical limij — =, the ¢ integral arising ment. As expected for a saddle-point approximation, that
here lends itself to a saddle-point approximation. Saddl€rror is inversely proportional tp. Finally, the semiclas-

points are determined by sical eigenvalues, = r, expli ¢,) of the Floquet operator
av . ) are determined from the generalized eigenvalue equation
1 v
——=——t+ =0. 6
i T K T T © Aoy Fly,) — zyulya)) = 0. ™

Not too surprisingly, this saddle-point equation is aThe nonorthogonality of the coherent states notwithstand-

slightly disguised form of the classical map, and theing this equation would yield the exact eigenvalugsf

saddle-point value oV (r) is closely related to the action we were to use the exact matrix elemetyis |Fly,); in

of that map [11]. However, by specifying both the initial particular, all modulir, would come out as unity, due to

point y and the final onel’ one overdetermines the the unitarity ofF.

classical orbit, unles§’ happens to be the image of Our interest is, of course, in the roots arising with the

under the classical map. For generic pairsl’) we may semiclassically approximated matrix. Figure 3 displays

think of a solution of the saddle-point equation as of athe rms deviationAr of their moduli , from unity,

ghost trajectory which lives in a complexified phase spacagain as a function of; the mean is now taken over

and has a complex action [12—-14]. all 2j + 1 eigenvalues. Like for the matrix elements,
The saddle-point approximation begins to make sensthe error scales roughly as/j. The same scaling is

for j upwards ofj = 1. However, it is only forj > 1  found for the rms deviatiom\¢ of the phasesp, from

that it suffices to use the saddle with the largest real part

of V(¢t) from which both+« and —= can be reached in 1

the complex: plane by going downhill on the surface

| exdj ReV (¢)]| above that plane. Fgrsmaller than about

30 we have found it necessary to establish a path in the

¢t plane connecting—~ to + through a sequence of

saddles and interlacing zeros of the integrand, keeping

ImV (z) constant, and thus collecting the contributions of,

in general, several saddles (see Fig. 1). Incidentally, the 0.01

quality of the semiclassical approximation for each matrix

element can be checked quite easily by evaluating the

matrix element rigorously according to (4). 0.001 e
In a first semiclassical attempt at determining the Flo- 1 10 100

quet spectrum we have chosgh+ 1 different coherent J

states|y,) as a complete basis. We have calculated th%IG. 2. Modulus of the semiclassical error of a typical matrix

2j + 1)? matrix elementsy, |F|y,) both rigorously and  element of the Floquet operator versjis The optimal fit is
semiclassically. Figure 2 displays, as a functioryathe  0.429;-%%%, i.e., very close to a proportionality t ;.
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FIG. 3. The radial error of the eigenvalues scaled by the mean i | | |
spacing versug. —1 _0.5 0 0.5 1

their exact counterparts, as shown in Fig. 4. While theig, 5. Exact ) and semiclassicaky) Floguet eigenvalues
proportionality of the semiclassical errorsitgj should be  for j = 10. In all 21 cases a unique association is possible.

expected, it is, in fact, a most welcome surprise that each B
approximate eigenphase can be uniquely associated with Fpn = YmlF1¥2) 9)

its exact counterpart. This is illustrated in Fig. 5 foe= . ,
P g-5fo which may be related to the unitat®; + 1) X (2j + 1)

10. A more quantitative manifestation of the astoundingFI t MatrixE ith 1 bit let
success of our approximation can be read off from Fig. 4. oguet matrixr,,, With respect to an arbitrary complete

The phase error is as small as 3% of the mean spacing. orthonormal basifiu), u = 1.2,....2j + 1} as

The small ratio of the eigenvalue uncertainty to the Po— ijﬂ At FooA A, = w9 (10)
mean spacing here incurred for the kicked top demands "™ uom pytn v = Wl¥ns-

theoretical explanation. To that end we are presently

working out the next term in the asymptotic expansion ofHere we have introduced a rectangul@j + 1) X N

the matrix elements of which the saddle-point contributionmatrix A and its adjointat.

is but the leading term. A piece of linear algebra now comes in handy. As
In order to check on the reliability of our results, we long as no approximation is made in evaluating the

have explored a second method for establishing the Floquetatrices involved, among th& eigenvalues ofF =

spectrum from the semiclassically approximated matrixAtFA there must bev — (2 + 1) vanishing ones while

elementT'|F|y). We now work with an overcomplete the remaining2j + 1 eigenvalues must coincide with

basis ofN coherent states with > 2 + 1 for whichitis  those ofFAAT.

convenient to adopt a slightly modified normalization, To appreciate this lemma we inspect the matrix
2j + DAS &
- ’2 + 1 (AAT) 72 </'L|7n><'}/n|7/>- (11)
|y11>: ]N |')’n>, n = 1727"-’N~ (8) g NAS nZO

We have sneaked in a factarS/AS and choose, in the

This gives rise to aw/ x N “extended” Floquet matrix denominatorAS = 4#/N, i.e., the mean surface element

—rrrrr — T on the unit sphere around each of tNepoints (6, ¢,).
1L only dominant saddle 4 Upon expressing that surface element, in the numerator,
Ad : all allowed saddlt(? $ 1 interms of the variable, we obtain
—— 3% — | . N
; 2j + 1 ARey,Almy, _,
2rf(25 +1) } 00 o 1 AAT = Z |7n><7n|(1in*;; N—e 1. (12)
0.1 E_ <><> 3 n=0 nYn
: e 1 Indeed, forN — o« the foregoing sum can be written as
+ + .+ A A . - . .
i ' VOO0 0OV the integral defining the resolution of unity by coherent
states [10]. In that limit, therefore, the eigenvalues of the
0.01 " E matrix (A*FA)M include the2j + 1 eigenvalues of the
ol —— ol 3 Flgquet matrixFy,, as well asv — (2 + 1) zeros.
1 10 100 We have diagonalized the semiclassical version of the
J extended matrixF, after approximating each of it&?
FIG. 4. The phase (quasienergy) error of the eigenvalues i€lements as described above, for various values of the
roughly 3% of the mean spacirgr/(2j + 1). quantum numberi and the extended dimensiav. In
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all cases we have founty — 2 — 1 eigenvalues with would be needed). Incidentally, our ghost-orbit approach
very small moduliy, <« 1, and2;j + 1 nearly unimodular also differs from Ref. [15] where real orbits were used to
eigenvalues which, in fact, lie close to the exact onesapproximate matrix elements.
Figure 6 displays the dependence of the phase erepr We are not spared the efficiency problem which still
of the nearly unimodular eigenvalues, in units of theso notoriously plagues semiclassical approximations of
mean level spacing, on the two dimensiais+ 1,N. To large spectra. In our case that problem is not due to
our surprise the data suggest thaw[27/(2j + 1)]7!  any proliferation of classical orbits. The extra burden we
depends or2;j + 1 andN only through the single scaling heap on ourselves, compared to the diagonalization of the
variablex = N/(2j + 1). Roughly,A¢[27/(2j + 1)]! exact Floquet matrix, is the saddle-point approximation
decreases likex ™ until x has grown to abouz.5 and for each matrix element. But efficiency, even though it
then becomes independent pf staying close t®0.03. would be most welcome and should indeed be striven
This means that all levels can be determined to withirfor, was not the primary goal for the moment. We are
3% of the mean level spacing by increasing the extendedlready glad to see that a full spectrum with generic
dimension to a little less than 3 times the “physical” fluctuations of a dynamical system with global classical
dimension2; + 1. It is most gratifying to see that the chaos is indeed accessible by semiclassical methods, i.e.,
limiting accuracy obtained is practically identical to the by approximations exploiting the effective smallness of
one incurred in our first semiclassical strategy. ThisPlanck’s constant.
strengthens our expectation that the error can be explained We gratefully acknowledge support by the Sonder-
by the next-order term of the asymptoti¢; expansion forschungsbereich Unordnung und groRe Fluktuationen
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Our strategy is not restricted to conditions of classicaK. Z. acknowledge partial support by KBN Grant
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scribed above fok = 1, a case close to integrable. Resultswith Eugene Bogomolny, Stephen Creagh, Patricio
of similar, actually even slightly better accuracy were ob-Leboeuf, and Nils Lehmann. We are especially indebted
tained. We should not forget to mention our considerabléo Jonathan Keating for his patient help with the intrica-
efforts to check the insensitivity of our semiclassical speccies of the saddle-point technique.
tra to the precise locations of the coherent states on the unit
sphere, as long as these locations form a more or less re
ular grid with no pair of points much closer together than
a mean nearest-neighbor spacing. ; , .
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