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Helicity in guantum electrodynamics

Once you identify it, you discover its presence everywhere
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Definition of helicity
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Helicity is defined as the projection of the total angular momentum
on the direction of momentum measured in units of A
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Helicity is defined as the projection of the total angular momentum
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Helicity in coordinate space

Momentum operator is represented by the nabla
ipXV =V xV

Division by p is represented by a nonlocal kernel
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XV=inxV —xV(r)= /dST’ V x V(r')

/’2
Helicity operator is an involution in the subspace of divergenceless fields

VV=inx(inxV)=V-nn-V)=V
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Helicity as a vector splitter

W .

e can construct two projectors in the subspace of divergenceless fields

P, +P_.=1 P:=P, PP =0

With their use we can split any vector field into two parts:
The helicity +1 part V., = P,V and the helicity -1 part V. =P_V

Since the helicity operator is Hermitian the two parts are orthogonal

/ ErVE(r) - V() = 0

We will apply these results to electric and magnetic field vectors
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Riemann-Silberstein vector
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Riemann-Silberstein vector F' is a complex combination of D and B

It satisfies two Maxwell-like equations (free fields)

O F(r,t)=—icV x F(r,t) V- -F(r,t)=0
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Riemann-Silberstein vector
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Riemann-Silberstein vector F' is a complex combination of D and B

It satisfies two Maxwell-like equations (free fields)
O F(r,t)=—icV x F(r,t) V- -F(r,t)=0

The general solution of these equations
F(’T’,t) — /dSkeik-r (e(k)()z+ (k)e—iuﬂf 4+ e* (k)a_(k)ei”t)

The circular polarization vectors e(k) and e* (k) are eigenvectors of y

ik x e(k) = ke(k) ik xe*(k)=—ke*(k)
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Splitting the field operator F'(r, t)

Projection operators Py split F'(r,t) into
Positive and negative frequency parts
Field operator F'(r,t) is split into

Annihilation and creation parts

P+F(’I",t) = /dgk\@eikme(k)&_i_(k)e’th
P_F(’I",t) —_ /d?’k\%eik're(k)ﬁ(k)em

Py act only on the spatial coordinates but they determine time evolution
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Splitting the field operators D(r, t) and B(r, t)

o

D(r,t) = (Ps + P_) %(F(r,t)+FT(r,t)): %[JT(r,t)m(r,t)}

=

reation and annihilation parts of the electric and magnetic field operators

(4

B(r,t) = (P, + P_)l\/g (ﬁ(r, 1) — Fi(r, t)) — hCT“ [iﬁ(r, t) + b(r, t)}

dt (1) — / (er)’j) 5 VE e (R)al. (k) + e(k)al (k)] e

b (r,t) =i / (2i)§ o VE e (k)al (k) — e(k)al (k)| e

Helicity operator interchanges electricity and magnetism

\— d = Z)A(IA)T bt = —Z')%cﬁ J
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The analog ofcurl In mechanics

Harmonic oscillator in new uniform variables g = wx
2 2
D q
H(p,q) = o Ty {qi,pj} = wij

dg wp dp .
_— = — —_— = —1Mnw
it m dt 9

The matrix w is symmetric but it might be not necessarily positive
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The analog ofcurl In mechanics

Harmonic oscillator in new uniform variables g = wx

p? q°

dg wp dp .
_— = — —_— = —1Mnw
it m dt 9

The matrix w is symmetric but it might be not necessarily positive

In classical mechanics we can always write down the solutions

q(t) = qo cos(@t) + 22 sin(ot)  p(t) = po cos(t) — mqo sin(@t)
m
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The analog ofcurl In mechanics

Harmonic oscillator in new uniform variables g = wx
2 2
D q
H(p,q) = o Ty {qi,pj} = wij

dg wp dp .
_— = — —_— = —1Mnw
it m dt 9

The matrix w is symmetric but it might be not necessarily positive

In classical mechanics we can always write down the solutions

q(t) = qo cos(@t) + 22 sin(ot)  p(t) = po cos(t) — mqo sin(@t)
m

In quantum mechanics the situation is quite different since we need
the positive square root || of w? to construct energy eigenstates

m

Y(x) = (Hermite polynomials in &) x exp (—%w @l - az) J
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Use of helicity as the sign oturl
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Transition rules from harmonic oscillator to electromagnetic field:

p——-—-D q—cB xx—cA m—e¢ w— ccurl

2 2 2 2
p q D> B
H(p,q) = +m~ —>H(D,B):/d3r<28 + 2u)

{gi,p;} = wij = {Bi(r), Dj(r")} = €10, (r — ')
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Use of helicity as the sign oturl
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Transition rules from harmonic oscillator to electromagnetic field:

p——-—-D q—cB xx—cA m—e¢ w— ccurl

2 2 2 2
p q D> B
H(p,q) = +m~ —>H(D,B):/d3r<2€ + 2u)

{gi,p;} = wij = {Bi(r), Dj(r")} = €10, (r — ')

In quantum electrodynamics in order to replace || we need |c curl]
To construct |ccurl| we only need x — the sign of curl

|w| = sign (W) @ — |ccurl| = ¢sign(curl) curl = ¢y curl

exp (o |@,.m)ﬁexp( \[ [ /dS’VXAzWa)fr <v,>‘<2A<r'>>>

The electromagnetic field is one infinite-dimensional harmonic oscillator
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The Wigner function

=

The Wigner function for the ground state of a harmonic oscillator
IS obtained from the wave function by a simple Gaussian integration

W(p,x) = /dnn V(e — n)o* (x + n)e?P/h
= exp [—% (p- ’Qn_v,ll L ] - :1:)]
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The Wigner function

=

The Wigner function for the ground state of a harmonic oscillator
IS obtained from the wave function by a simple Gaussian integration

Wp,xz) = /d"n V(e —n)Y*(x+ n)e%p-n/ﬁ

= exp[ (p - ’p+mm]dj|ax>]
h m

We need one more transition rule

&~ — (ycurl e 52-'—@@ !
VAN

22| r — r/|?

Thus the Wigner function for the electromagnetic field is

ol o for (G2
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Reasonable definition of the photon localization
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Def. Photon is localized in some region R if all measurements of the
electromagnetic field outside of R do not reveal the photon’s existence

We can introduce two separate notions:
magnetic localization and electric localization

A photon is in a magnetically localized state at time ¢ if the expectation
values of all products of magnetic fields evaluated in this state

A

(1ph|B;(r1,t)B;(12,t) ... Bi(ry, t)|1ph)

have their vacuum values when all points r; lie outside of R
Analogous definition holds for electric localization

It turns out that we can achieve at most only
an instantaneous magnetic or electric localization
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Helicity operator prevents complete localization

|7 If a photon IS magnetically localized in R the expectation value T
(1ph|B;(r1,t)B,(rs,)|1ph) is equal to its vacuum value outside of R

To achieve this we assume that ¢ in |1ph) = [d*r ¢(7) - dT(7)|0)
IS properly normalized and sharply localized in R

The expectation value in question can be computed

(1ph|B;(r1,t)Bj(ra, t)|1ph) = (0| B;(r1, ) B;j(r2,1)|0)
+¢j(r17t)¢j(r2vt) +¢i(r17 )¢j(T2,t) ¢(T,t) = constV X 90( r, )

It follows from the d < b symmetry (confirmed by a direct computation)
that to achieve also the electric localization x¢ must be localized

This cannot happen since for a localized ¢ the 1/r? tail extends to infinity

d3 /
b 1) — / V(' t)

22| r — /|2
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What kind of localization is possible?

Not only we cannot have simultaneous magnetic and electric localization
but even one of those types is highly fragile — it only lasts for one instant

In a magnetically localized photon state its electric field is everywhere
Owing to the Maxwell equations the magnetic field will be immediately
produced everywhere and the initial magnetic localization will be ruined

In the absence of a complete sharp localization we may only try for the
“next to the best” that we will call an e-localization

A family of photon states is e-localized in R if for every e there exists a
member state such that the departure of the field expectation values from
the vacuum values is less than ¢ for all points outside of R
Such states can be found among the eigenstates of the helicity operator

F(r,t) = Vx|[(i/c)d,Z(r,t)+V x Z(r,1)]
z

Lz<r’t) — ﬁ[exp( 2¢/1 + t—r/l)—exp( 2¢/1+i(ct + 7 /l)}J
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Summary

- .

» It is worthwhile to introduce
the helicity operator in QED

s In position space helicity Is
a nonlocal operator

» Most of the nonlocalities found in QED
can be attributed to the helicity operator

o -
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