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Maxwell theory

Maxwell equations are universal

B(r,t) = -V xE(r,t)
V-B(r,t) = 0

O D(r,t) V x H(r,t)
V-D(r,t) = 0

Typical constitutive equations are linear

B=uH D=c¢E

Standard Maxwell equations follow from the Lagrangian

Lotaxwen = = (eE* — B?/p)
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Nonlinear electrodynamics of Born

Born used the analogy with relativistic mechanics

Lparticle = M [1 — /1 — (v2)/c? }

Maximal velocity ¢ <—— Maximal field strength b

Lrom = b [1 ~J/1— (E2 — B?)/1? }

From now on luse theunits ¢ =1 = p

c — oo Correspondence with Newton theory

b — oo Correspondence with Maxwell theory
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Nonlinear electrodynamicsof Born and I nfeld

Born and Infeld used false arguments but obtained a unique th eory

EBorn—Infeld — b2 [\/_ det(g,ul/) - \/_ det(g,ul/ + f,uz//b)]

Born-Infeld electrodynamics has earned its longevity

through its elegant, compact, determinantal form
S. Deser and G. W. Gibbons (1998)
in Born-Infeld-Einstein Actions

Lagrangian density in Minkowski space

J— [1 ~J/1-(E*—B?) /i — (E-B)2/b? }
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Constitutiverelations for Born-Infeld electrodynamics

- o o N

D=3 H=73B
n _ 9L _ E + (E-B)B/p
OE — \/1-(B? - B%)/i — (B-B)*/l!
g 9L B — (E-B)E/1?
OB /1~ (E® - B%)[I — (E-B)*/V
One can invert these relations and obtain
5 D+ B x (D x B)/b? _O0H
V1+ (D?+ B?)/b2+ (DxB)2/v* 0D
[ B — D x (D x B)/b? _ OH

JV1+ (D2 + B?)/1? + (DxB)?/l* OB
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The Hamiltonian

Mechanical analogy:

oL oL OH OH

D:—N = — p—
OF ov 0D op

Lagrange variables FE and B (FE ~ velocity)
Hamilton variables I and B (ID ~ momentum)
Hamiltonian density is obtained by Legendre transformatio nE=f(D,B)
and it agrees with the evaluation of E and H as derivatives of H(D, B)

H(D, B) E(D,B)-D — L(D, B)

~ B [\/1 (D%t B2)/i? + (DxB)2/b? — 1}

His like c\/m2c? + p? and it exists for all D and B

Born-Infeld electrodvnamics — p. 6/11



Energy of a point charge

Energy density is integrable for a point particle
V-D = e®r) B=0
2
er q
D = D?/v* = =
dr|r]? /o=

Eiot = 47rb2/ dr r? (\/1+q2/7“4—1)
0
4T2(5/4)V e3b
B/OVED _ | 93611/

3T
Finite energy solutions of Born-Infeld theory are now often called Blons
Electromagnetic field of a moving charge is found by Lorentz t ransformation
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No birefringence

A lot of other fully relativistic nonlinear theories of the e lectromagnetic field exist

Every function of the two electromagnetic invariants can se rve as a Lagrangian
K’(EaB) — V—gl(S,P)

1 5 1 <
—__f/wfuy_§( _B) P:_ZfMVfMV:(E'B)
Wave propagation in a nonlinear theory of the electromagnet ic field

Is usually characterized by the birefringence
The propagation velocity is different for different wave po larizations

There are only two theories that have no birefringence:
Maxwell electrodynamics and Born-Infeld electrodynamics

No birefringence = Single lightcone
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Dispersion law

Assuming that a weak wave propagates on a background field pr
one can obtain the conditions for the absence of birefringen ce
In the general case the dispersion equation has the followin g form:

k? = a® M\t at = F*Ek,

N, — —vs(vss+vpp)+2(vssvpp—vip ) A
£ 7 2[212y5(Syss—Pysp)+ P2 (vssvpp—3p )]

A = |vs (yss —vpp) — 25 (vssvpp — 7§P)]2
+4 [ysvsp — P (vssvpp — %%P)]Q = [Eql]* + [Eq2]”

Lot o oL

No birefringence condition /A = 0 leads to two equations: Eq1=0 and Eq2=0
Maxwell theory and Born-Infeld electrodynamics are the only regular solutions
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Open problems

Except for a point charge and plane waves there are no exact so lutions

The most interesting problems are the radiation reaction an d the equations of motion
In Born-Infeld electrodynamics the pathological behavior should not occur

Runaway solutions are not possible due to the total energy co nservation
Interesting problem: Two identical charged particle are in itially at rest
Assuming that there is no field except for the Coulomb field
Find the the equations of motion and the final velocity of the t wo particles
The difference between the initial and final energy of the par ticles
Determines the total energy radiated by the system
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New Age

Strings, p-branes and the Born-Infeld theory

Point particle: £ = —mc? /dT\/dfﬂ/dT -d€,, /dT

String : L = T/dea\/det (0¢r/oTA - OE,,/]OTB)

Dirichlet p — brane: £ = /dp+1x\/— det(0,xM 0, xpr + fuu/b)

All these, like Born-Infeld electrodynamics, are clearly “ determinantal” theories
as described picturesquely by Deser and Gibbons

There is no evidence so far that the theory of Born and Infeld h as any direct
connection with the physical reality, but it stands out as a m asterpiece of
mathematical physics: an exceptional structure of many int ricate theoretical

features, as charming now as it appeared to its discoverers/ creators 50 years ago
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