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It is the embarrassment of metaphystes that it
is able to accomplish so little with the many

things that mathematics offers her.

Immanuel Kant

In 1983 Jan kopuszaiski is turning 60 and the nonlinear electrody-
namics of Born and Infeld (NEBI) is turning 50.

With great pleasure I dedicate my essay to both Jas and NEBI.

In this essay I give a general review of nonlinear electrodynamics
and I describe some old and new results of my own, which were inspired

by the work of Born and Infeld.

1. INTRODUCTION
The origins of the nonlinear electrodynamics of Born and Infeld
(NEBI) can be traced to the work of Gustav Mielz who made the first
attempt to construct a purely electromagnetic theory of charged par-
ticles. The question, why a charged particle does not explode under
the repulsion of the Coulomb forces acting between its constituents,
had been asked by a number of physicists before Mie. With the advent
of the theory of relativity, this question has balooned into a whole
problem known under the name: the classical model of the electron. Ma-
ny great physicists, including Einstein, Lorentz, Planck, Poincaré,
Sommerfeld and von Laue have contributed to the discussion on this sub-
jectz) and a faint echo of their debates is ringing even today in the
physical 11terature3?
In the classical models of the electron considered before Mie, the

electron was not treated as a purely electromagnetic entity, but it
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was also "made of other stuff", like the Poincaré stresses and the me-
chanical mass. Mie wanted the electromagnetic field to be the only in-
gredient; everything else was to be derived from it. In particular, he
wanted the electromagnetic current to be made of electromagnetism. In
order to achieve this goal, Mie assumed that the Lagrangian depends on
the four-potential A“ not only through its four-dimensional curl fpv,

fuv = BHAV -avAU s (1)
but also on the Au itself. The (minus) derivative of the Lagrangian
with respect to the four-potential was interpreted as the electromag-
netic current. The generation of the current from the field variables
had been achieved in this manner, but at a very high price: the poten-
tials acquired a direct physical meaning and the gauge invariance was
totally lost. This has been found unacceptable and the theory of Mie
was shelved for two decades.

In 1933 Max Born42 joined shortly afterwards by Leopold Infeld,
have revived Mie's theory in a somewhat different form. In a series of
paperssz Born and Infeld developed a general theory of nonlinear elec-
trodynamics and also gave a new, more appealing variant of the original
theory of Born.

In my article I begin with a general nonlinear theory of the elec-
tromagnetic field (Sec.2 and Sec.3). In Sec.4 1 introduce the theory
of Born and Infeld. In Sec.5 1 show in what sense this theory is u-
nique. Secs.6 and 7 are devoted to some interesting pfoperties of NEBI,
while Sec.8 contains a discussion of its Timiting form. Finally, in
Sec.9 I introduce an amusing mechanical model inspired by NEBI.

2. GENERAL STRUCTURE OF NONLINEAR ELECTRODYNAMICS

The electrodynamics of Born and Infeld is a special case of nonli-
near electrodynamics. In order to appreciate its exceptional features,
it is worthwhile to consider NEBI in a general framework of all rela-
tivistic, nonlinear and gauge invariant theories of the etectromagne-
tic field (without higher derivatives). Every theory of that type is
described by the well known set of source-free Maxwell equations (I

use the notation of Ref.6),
atﬁ = -E (2a)

vB=0, (2b)
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atﬁ = vdl (20)

supplemented by the {nonlinear) constitutive relations,
£=Ed,8 , =008 . (3)

The choice in these equations of D and B as the primary variables
and of T and [I as functions of those variables is suggested by the re-
semblance between Eqs.{2a) and (2¢c) and the Hamilton equations of clas-
sical mechanics. The assumption, made by Born and Infeld, that Dand B
form the canonical pair of variables leads to a consistent canonical
formulation of the nonlinear theory.

The standard method to guarantee the inner consistency of Eqs.(2)
and (3) and their relativistic covariance is to postulate the exist-
ence of an invariant action principle, from which these equations are
derived. Following this line of reasoning, let us assume the existence
of a scalar Lagrangian density L, which may be any function of the sca-
lar invariant S and the pseudoscalar invariant of the electromagnetic
field tensor P,

S=-uf Mey 8,
. )
=y P = -I/BEUvApfuvfxp = BB .
Eqs.{2a) and (2b) follow from the assumed existence of the potentials
and Eqs.(2c) and (2d) follow from the variational principle employing
the Lagrange function L(S,P). In the relativistic tensor notation,

these equations are:

auka + axfuv +af =0, (5a)
auh“V =0, (5b)
where N
hev - - 8L - 9L g, 3Ly (6)
uv

The dynamical properties of the electromagnetic field are describ-

ed by the energy-momentum tensor T“v,

™ Y g (7)
Its components }

70 S Bl - 1, (8a)

100 - (@&t (8b)

10 - (Bt (8c)
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™ = gyt s sY . iR (8d)
have the interpretation of the energy density, the energy current, the
momentum density and the Maxwell stresses, respectively. As a result
of £qs.(5) and (6), the enerqy momentum tensor is conserved,
a ™ =0, ()
and symmetric,
™ = (10)
In the proof of the symmetry, the following identity is helpful,

£ s Lstp (11)
HV H

The properties (9) and (10) lead to the existence of 10 constants of
motion: the energy-momentum vector P and the relativistic angular mo-

mentum tensor M”v,

' = [ @i MO (12a)

MY = [t M0 - M0y (12b)

3. LEGENDRE TRANSFORMATIONS AND THE CANONICAL FORMALISM

Out of four field vectors E,ﬁ,ﬁ and il one may choose four differ-
ent pairs, each consisting of one electric and one magnetic vector,
and treat each pair as a set of independent variables, expressing the
remaining two as functions of them. I will show now that the transi-
tions between different choices of independent variables can be de-
scribed in close analogy with Legendre transformations of classical
mechanics.

As the initial choice, let us take the pair E and B. These varia-
bles appear in the Lagrangian and they are the analogs of the mechani-
cal variables q and a. The dependent variables D and [ are to be deter-
mined from the constitutive relations, which I will write now in the

vector form,

5= | pg-.3 (13)
oF 58
Thus, D is the analog of the canonical momentum 5 and H is the analog
of the mechanical force.

Let us define now a new function ,
HD,B) = B-ED,B) - LED,B,H (14)

where I have explicitely written that # is to be treated as a function
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of the canonical variables. Upon differentiating H with respect to i)
and B, one obtains with the help of (13):

T o= oH/oD , 0 o=oH/B . (15)

Continuing in the same vein, one can obtain the remaining Legendre

transformations. They are all shown in Table 1.

Table 1
Ind. var. Legendre transformations Dependent variables
E B LEB) D=oaL/sE H= -aL/eB
BB HD,B) = D - 1L E=oH/eD = oH/oB
B LB BB -8 -1 F=aleb B=-aL/ell
B HOET) = B+ L B-ot/ef B = oh/ell

The function H(ﬁ,ﬁ) coincides with the energy density. With its
use, the field equations (1a) and (1c) can be written in an almost
Hamiltonian form: . & _ Uxat/ab |

t
: (16)
o, b= vxa/oB .

One may also write the above equations with the use of the func-

tional derivatives of the total energy expressed in terms of the cano-

nical variables - the Hamiltonian,
H
3 B
3,0 = vxeH/eB
This form of the field equations enables one to guess the correct

fair HBB) (17)

-Ux&H/8D
(18)

form of the Poisson bracket between two arbitrary functionals of the
canonical variables

SF 86 §G 8F 5
{F,6) = {d°r [ () - =+ (v=)] . (19)
B 6B &b 6B
and, in particular, for the canonical variables themselves, one has
> -, _ +~+|
{Bl(r) ’ D] (r )} - gijk akd(r r ) ’ (20)

{D, ,D} =0 = {B, 7B}
i 3 1 ]

In spite of its nonrelativistic form, the Poisson brackets (19)
define a relativistically invariant canonical structure, with the ten

constants of motion (12) acting as the generators of the Poincaré
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transformations6z

It is worth observing that the functions H and ﬁ, in contrast to L
and L, are not relativistic scalars. Even so, one may formulate the
criteria of relativistic invariance in terms of H and fH.

The simplest method to find such criteria is based on the observa-
tion that the necessary and sufficient condition of relativistic in-
variance is the symmetry of the energy-momentum tensor. The necessity
of this condition has already been shown and its sufficiency follows
from the fact that any dependence of L on EZ + gz will make TOi dif-
ferent from Tio (the rotational symmetry of L is, of course, assumed).
The symmetry of ™ leads to a differential equation for H. To derive
it, let me denote the three scalar combinations of the canonical field-

vectors as follows,

T S %(62 + §2) g
£=u@ - ¥ 1)
n="0-8
The equality
Bl = BxB (22)

expressed in terms of the derivatives of H reads
2 2 2 _ e
(BTH) (BEH) (anH) 1. (23)

The Hamiltonian density of the linear Maxwell theory in free
space, f = 1, is the simplest solution of this equation.

Eq.(23) has an interesting 0(2,1) symmetry, which will be explor-
ed in Sec.8. An equation of the form (23) also holds for H.

4. NONLINEAR ELECTRODYNAMICS OF BORN AND INFELD
The first model of nonlinear electrodynamics proposed by Born was

based on the following choice of the Lagrange function,

L= v - @& -BHnhtn o, (24)

where b is a constant having the dimension of the electromagnetic
field. Born discovered his square-root Lagrangian, while searching for
a theory which could give finite self-energy of a point charge. He
noticed that the same mechanism, which restricts the particle's velo-
city in relativistic mechanics to values smaller than c,will restrict
the electric field in the theory based on the Lagrangian (24) to va-
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lues smaller than the critical field b (in the absence of the magnetic
field).
The Lagrangian of Born and Infeld has the same square-root struc-

ture, but it contains also the pseudoscalar invariant of the e.m. field

- 2 > +2 2 £x o2 4 12‘
Lyornotnferd = 0 ((L - (E° - B)/b% - (E-B)"/b')*-1). (25)

Its discovery represents one of those amusing cases of serendipity in
theoretical physics. The reasoning which led Born and Infeld to their
Lagrangian was fallacious; they thought that (25) is singled out by
general relativistic covariance, because the expression under the
square-root is the determinant of the tensor 8y + fuv/b . However,
every function of S and P can be easily converted into a scalar under
all coordinate transformations with the use of the metric tensor.

As has been shown much later, NEBI is a unique nonlinear theory of
the electromagnetic field, but for an entirely different reason. It is
the only nonlinear theory, which does not lead to the phenomenon of
birefringence: the velocity of 1ight in NEBI does not depend on its
polarization. I will discuss this in detail in the next Section.

A natural correspondence, of course, exists between NEBI and the
linear Maxwell theory. For fields much weaker than the critical field

value b, L__ and LB reduce to

= L - (B - Y. (26)

Due to the simple, algebraic form of the Lagrangian, all the Le-
gendre transformations listed in Table 1 can be explicitely carried

out and are shown in Table 2 (I set b = 1).

Table 2

NEBI: Legendre transforms and the constitutive relations

L=-(1 -+ - &HH2+1=-2+1
b= (E+ @B ¢t i-@- E&he et

H= (1 +B+B+ BBH2 1= h-1
E= B - OxB)xB) ht f= @+ (D<B)pB) n!

L= Q+B M- @mH2-1= ¢-1

E- - (B met B =i+ D)D) et
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] ~

H=@ -2 -+ @05 -1=h-1
B= (F+ B il Bl - (Bl 1!

The advantage of using the canonical pair of variables is clearly
seen from this Table, since this is the only pair of independent field
variables, which are not restricted in their values by the realitycon-

dition of the square-root.

5. PROPAGATION OF WEAK DISTURBANCES AND NEBI

I shall study in this Section the propagation of weak electromag-
netic waves in the presence of a strong, constant electromagnetic
field, in a general, relativistic nonlinear e]ectrodynamics7z This
study will Tead us directly to NEBI. The weak, varying part of the
field will be denoted by fuv and the strong, constant part by Fuv.

The strong field is assumed to be a given solution of the field
equations, while the weak field will be determined from the field e-

quations. Those can be obtained from the Lagrangian L(2) , in which
only the quadratic terms in t'e weak field are kept,
@~ oy A o f W 2
L YS( 4 fu\)i )+ YP( 4 Iuvf ) (27)
f L Va2 LR VN2, ST ¥
ar ZYSS(ZFU\)E )T+ ZYPP("Fp\)i )° o+ VYgp Fu\)f ])\Df >

where the coefficients y represent the first and the second deriva-

tives of the Lagrangian with respect to S and P, evaluated at the

L(z) can

constant field values of these invariants. The Vo term in
be dropped, since it represents a four-divergence.
Varying the action with respect to the potentials, which are as-

sociated with fuv, one obtains,
X
( vg(g"78,0" - a%a") (28)

_ 21D vp B Zud, Tup B WAy RV A =
A R T R e A Gt R IR O

The (complex) solution of this set of equations with constant co-

PP

efficients can be written in the standard form,
—Lkx
A =e (k A 29
RENOR (29)

The polarization vector Eu(k) obeys the following set of linear
algebraic equations:

I + H + + oM +'HA Voo 2w 30
( kv Ggg @'a  *ap,aa aSP(a a +a av))e K7e” (30)
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where

a. . = v.. /Y

SS

ss = Ypp/Ys 0 Cgp T Yep/Yg ()

67
s PP

and ~ ~
a¥ o= VK ad = VR (32)
v v

The connection between the frequency w and the wave vector k is
obtained from the condition that the determinant of the set of equa-
tions (30) vanishes. By looking at the 1.h.s. of these equations, we
can learn that ¢M must lie in the subspace spanned by the three vec-
tors a*, a" and k". In addition, the component of €* in the k" direc-
tion is arbitrary {gauge invariance). In this manner we arrive at the

eigenvalue problem in only two dimensions. Substituting
e¥ = quaM + Ba“ (33)
into Eq.(30), we obtain

(k2 - “ssaz + uSPkZP)q + (usskzp - QSP(aZ + 2kK%8))B = 0

(34)
2o - .2 2 2 . .2 2 _
(aPPk 1 Gg Ja + (K° + QSPk P uPP(d +2k°S))g =0
where the following algebraic relations were used,
kea = 0 = kea a-a = -k°p s a2 = a2 + 2k%s . (35)

The vanishing of the determinant of Eqs.{34) can be written as the
following simple condition on the vector k",

K2 =af, (36)
where o 2 1
= L(OGQ] - 1 B -
Xi 5(2ST (ass + aPP) + A% (PTT + Z(SQPP PaSP) 1) , (37)
_ _ ~ 2 R 2
A= (aSS Cop 28T)° + (20cSP 2PT) s (38)
r 2 (39)

" %spp  %sp
The coefficient A, depends on the external field. It has been called
in Ref.7 the bire%ringence index, because its two values A+ and x_de-
termine two forms of the dispersion law: for two different polariza-
tions. The birefringence does not occur only for A = (, when both po-
larizations propagate according to the same dispersion law. Due to the
double-quadratic form of A, its vanishing implies two partial differen

tial equations for the Lagrange function:

2 =
Yg(¥gg = Ypp) - 25(¥gg¥pp Yop) =0 o
2
2 - > - =
gVgp ~ PPVgeVpp = Ygp) = 0

In 1970 Boillat® and Plebanski?) have shown independently that the
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Lagrangian of Born and Infeld is (almost) the only solution of these
two equations. They derived Eqs.{(40) by imposing the "no-birefringence
condition" on the propagation of discontinuities of the electromagne-
tic field, not by studying weak disturbances in a given background.

Eqs.(40) are homogeneous in the Lagrange function and in the inde-
pendent variables S and P and they also do not contain Yp - Therefore,
one may always multiply their solution by a constant, rescale the var-
iables and add to the solution a constant and a linear term in P. Such
changes , however, do not change the form of the field equations.

Plebanski also found an additional, rather pathological solution
of the form: | = S/P .

Let me return now to the study of the propagation of weak distur-

bances and let us solve Eq.(36) with respect to w:

w = B3 [®HE R - D2 - P (41)
where the script letters denote the external fields "renormalized" as
E=rto By B-oBoe ), F-BE . (42)

The presence of the k.S term in the formula (41) indicates the ©x-

follows,

]

istence of the directive effect: the wave velocity changes when the
wave vector is reversed. This is an analog of the Fresnel-Fizeau ef-
fect in moving media. The external electromagnetic field in a nonline-
ar theory is very much 1ike a moving medium, as long as it has a non-
vanishing Poynting vector. In the frame of reference, in which the L.
and B fields are parallel, the directive effect vanishes. It is the
"rest" frame for the external field. I will calculate now the group
velocity in this frame of reference in NEBI, in order to show that no
viclation of causality occurs.

First, let me notice that in NEBI

yl=0g-290 (43)

which leads to the following simple expression for w in the rest frame
—1_ 4k

w =[(® - B’ @E + BHo ~BH 71" (449)

where m is the unit vector in the direction of I and §. The length of
the group velocity vector squared, after straigtforward calculations,

can be written in the form

(/)2 =1+ 1 + B2+ B - (1 + B D)cos?e)™t , (49)
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where 6 is the angle between m and k. The r.h.s. of (45) varies, as a
function of the angle 6, from (1 + B+ ﬁz)_l to 1. The relativistic
addition law for velocities guarantees that the group velocity inNEBI

will not exceed the speed of light also in all other frames.

6. DUALITY ROTATIONS AND A NEW CONSERVATION LAW IN NEBI

Every reltativistic theory of the e.m. field has 10 conservation
laws, given by the formulas (12). In a linear field theory, every Fou-
rier component of the field propagates independently and this leads to
an infinite number of conserved quantities, bilinear in the Fourier
amplitudes. In a nonlinear theory, additional conservation laws are
not common, especially in four dimension, except for various charges
associated with internal symmetries. Nonlinear electrodynamics has no
internal symmetries,and therefore the existence of an additional con-
servation law for some choices of the Lagrangian is a pleasant sur-
prise.

The symmetry, which leads to this new conservation law, is the in-
variance of the field equations under the duality rotations of the ca-
nonical fields D and ¥, '

D =D cosa - B sina s

(46)
> > . >
"B =D sina + B cosa

This is, clearly, not an internal symmetry, because it mixes ob-
jects of different tensorial character, but it closely resembles one.
The transformation (46) is a canonical transformation, it lTeaves the
Poisson brackets (20) unchanged. It will be a symmetry transformation
if it also leaves the Hamiltonian unchanged. This indeed happens in
NEBI (and also in some other theories), because both B2 + B2 and DxB
are invariant under (46). The generator of the duality rotations can
be easily guessed by analogy with the linear Maxwell theory, where the
duality rotations of the E and B fields are well knownlo? It is the
following nonlocal integral:

A= (l/Sﬂ)Jdarljdarz[ﬁ1rfé'(vxﬁz) + §1TT%’(VX§2)] : (47)

where ry;, = |?1 - ?2[ and the subscripts indicate that the fields are

taken at the points ?1 and ?z. With the use of (20), one obtains

B,n =8 , (B,n=-D . (48)
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The time independence of A can be also established by a direct calcula-
tion, with the use of the field equations and with the help of the fol-
lowing identity which holds in NEBI:

E-B = B . (49)
This identity, expressed in terms of the Lagrangian variables,
BB = -(a1/0B) - (aL/0B) (50)
or _ 2 By o 2
P=Plyy - v5) gy, s (51)

serves as a test of the invariance of the Lagrangian under the duality
rotations.

The physical interpretation of the generator A will be obtained in
the next Section, where the formulation of NEBI in terms of a complex

field vector is given.

7. FORMULATION OF NEBI IN TERMS OF COMPLEX FIELDS
In view of the symmetry between the first and the second pair of

the Maxwell equations (2), it is natural to introduce two complex vec-

tors, 1 51
F=([D+4B)/2% , &= (F+ilyy (52)
In terms of ¥ and G, £qs.(2) read:
Lat? =G, (53a)
veF=0 . (53b)

This complex notation becomes especially convenient when the theory is
invariant under the duality rotations, since these rotations result in

the changes of the phase of the vector F,
FeeE (54)

The Hamiltonian will be invariant under these "gauge transformations of
the second kind" if it contains only bilinear expressions in the field

vector F. The Hamiltonian of NEBI is clearly of this type,
Ho o= [L+ 2BF - (BBl 2 o1 (55)
In this formulation, the connection between F and G has the form:
G = oH/ 5T, (56)

which leads to the following equation for ?:
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F o+ (F'<E)«F ) (57)
[1+ 2F.F - (?*X?)z]%

4_8? = VX
r

This equation is reminiscent of many nonlinear equations describing the
propagation of charged fields, in which the nonlinearity is also a
function of the bilinear combinations of the fields. In the case of
charged fields, there is always an important constant of motion - the
total charge, which is also the generator of the phase transformations
of the field. The constant of motion A, defined in the previous Section
is the exact analog of the total charge in NEBI. In terms of the comp-
lex field f, it has the form:

A= (1/4m) [dPry [dPr, Friris-(VxB) . (58)

In order to extend this analogy even further, let me introduce the
Fourier representation of ?, N
P = jair e RTET (59)

Since ¥ lies in the plane perpendicular to k, it can be expressed as a
linear combination of any two orthonormal vectors, say Zl and 22’ Ty-
ing in that plane. It is convenient to form a complex combination ¢ of

Zl and 22

AN RV (60)

which satisfies the following relations:
kxe = -ik& , W' = ike”, (61)
¢i=1 0, P=0 . (62)

Upon inserting the decomposition

Pk -¢¢, +'¢ (63)

into the formula (58). one obtains after doing a few Fourier integrals:
A= JarkkTE R - JE DY (64)

In the linear theory, this expression has an obvious interpretation
(see for example Ref.6). It is the total intensity of radiation (the
number of photons in the quantum theory) with the left-handed polari-
zation minus the total intensity of radiation with the right-handed po-

larization. In a nonlinear theory, the superposition principle does not

43



hold, so that the decomposition of a solution of the field equations
into into a linear combination of circularly polarized waves can not,
in general, be made. Therefore, it is quite remarkable that A is still

a constant of motion.

8. THE LIMIT b=0 OF THE BORN-INFELD ELECTRODYNAMICS

It has been remarked in Sec.4 that in the limit, when the critical
field value b tends to infinity, NEBI reduces to the linear Maxwell
theory. The opposite 1imit, when b tends to zero, can not be per formed
in the Born-Infeld Lagrangian. However, this limit can easily be reach-
ed in the Hamiltonian formulation. To this end, let me insert back the

constant b into the Hamiltonian density in NEBI:

He = Db« b2@B + B2 + (Bcy2y - b2 (63)

In the 1imit, when b=0, one obtains
Houp = |B<B| . (60)

The energy density in this ultra-Born-Infeld electrodynamics (UNEBI) is
equal to the length of the Poynting vector. Like the linear Maxwell
theory, UNEBI does not contain any dimensional parameters. However, it

is still a nonlinear theory, as can be seen from its field equations,
s B=w@B) , vB-o0 , (67a)
atii =yxmxb) , vB=0 |,
where I is a unit vector in the direction of the Poynting vector,
n = DxB/|D<B] . (08)

The vector n introduces a nonlinear element into Eqgs.(67); only those
solutions which share the same vector field n can be superposed. UNEBI
has an interesting pathology: it can not be derived from a Lagrangian.
The Legendre transformation

L=D0F-H , (69)
leading from the Hamiltonian to the Lagrangian, gives identically zero.
In the Hamiltonian formulation, however, the theory is well defined. I
consider it interesting, because it posseses a rather large number of
symmetries.

The 1ist of the symmetries of UNEBI begins, of course, with the

relativistic invariance. In the absence of the Lagrangian, the invari-

ance under Lorentz transformations is most easily established with the
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help of Eq.(23) for the Hamiltonian density. In terms of our quadratic
combinations 1, £ and n, the expression (66) reads,

_ 2 2 2k
Hypr = (7 13 n°)

(70)
Thus, UNEBI is the very theory which respects the full 0(2,1) invarian-
ce of the condition (23). This symmetry must give rise to three cons-
tants of motions: the generators of the 0(2,1) group. In order to find
them, lTet us write the BI Hamiltonian density in terms of 1, & and n

variables, )

_ o2 L2 B
Hpp = (1 + 1) g7 - ) 1. 71

This expression is only invariant under the subgroup of rotations in
the £-n plane. One may easily check that these rotations are exactly
the duality rotations (46), whose generator has been given by the for-
mula (47). The remaining two linear transormations, which leave the
expression (70) invariant, are the hyperbolic rotations in the t-n and
1-¢ planes (boosts in the ¢ and n directions). They correspond to the

following canonical transformations of the D and B fields:

'D = D cosha + B sinha s

(72)
‘B = 1 sinha + B cosha s
and
D = eA ) )
(73)
B =B

The corresponding generators can be easily guessed by analogy with the

expression (47) and they are of the form:

P.o= (1/8m)[d’r, [dir, [ Byrrs e (vly) - Burise(wB) 1, (74)

1

r, = (1/4m)[d’r, [d*r, BTl (uxby) . (75)

One may check by a direct calculation that both these integrals are

time-independent. I do not have any clear physical interpretation of
these two generators.

Most theories, which do not contain dimensional parameters, are
invariant under the full, 15-parameter conformal group and UNEBI is no
exception here. One may check that the trace of the energy-momentum
tensor vanishes, which leads to additional 5 constants of motion (on
top of the 10 generators of the Poincaré group): the generatorsof di-

lations D and 4-accelerations K",

D= - [d°r XHT“O , KM= [dr (ZXUXv - xzdS)TvO . (76)
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9. BORN_INFELD THEQRY IN “ZERO DIMENSIONS"

The content of this Section is related to NEBI only by a purely
formal analogy. I will describe here a quantum mechanical system, which
is described by the Hamiltonian and by the equations of motion resem-
bling very closely the Born-Infeld electrodynamics. This very close re-
semblance in form is the only excuse for including this material in an
essay on NEBI.

The model in question describes a particle in three dimensions,
whose motion is governed by the equations of motion derived from the

following Lagrangian:
3 3 3 5. s J
LEQ = - b2 - (@ - P - DA - . o)
In what follows, I shall set both b and w equal to 1. In the Hamilton-

ian formulation, the basic equations are:

H=[1+3 + 3+ DA% -1=n-1, (78)
2 -3 -
q = (p+ (P)xPh ! ,

LS > > > > (79)
D= - (xP)xp)h
The system under consideration can be classified as a nonlinear
harmonic oscillator. In order to justify this name, let me write Eqs.
(78) and (79) in the complex form, patterned after the formulation of
NEBI described in Sec.7,

H=[1+233- @21 -1, (80)

3 -

a= (3+ @x)<hnt, (81)
where N N o~

a=(p+4q)/2° . (82)

Since both the Hamiltonian and the angular momentum vector are cons-
tants of motion, Eq.(81), in spite of its nonlinear appearance, cons-
titutes a set of Tinear differential equations for the complex vector a

and its solution may be sought in the standard form,
a(t) = exp(iQt)a (83)

where 0 is a time independent matrix. The matrix elements of  depend

on the initial values of the vector a,

* &
S - ) 84
Qij (6ij + aiaj aiaj) (84)

The frequencies of the harmonic oscillations of the particle are given
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below in terms of the length of the angular momentum vector M and h,

-1 .
o ) w, = {1 £ Mh ", (85)

The eigenvectors of Q can be expressed in terms of the unit vectorn in
the direction of the angular momentum and a pair of orthogonal vectors,
T and Zz’ lying in the plane defined by H,

1
> > > NP
¢ =n ., ¢, = (Zl + LZ2)2 . (86)
Therefore, the explicit form of the solution is:
> o dt/h, > - {tM/h > -{tM/h
a(t)= e (aoeo tagee +aee ). (87)

This equation justifies the name: nonlinear harmonic oscillator. The
oscillations of g(and of a and ﬁ) are harmonic with their frequencies
given by the formulas (85), but these frequencies are nonlinear func-
tions of the initial conditions.

I shall close this Section with a brief discussion of the quantum
version of this model. The best starting point is, of course, the Ha-
miltonian. The quantum Hamiltonian is obtained from (80) by the stan-
dard replacement of the classical variables with the quantum operators.
Since the variables a and a are replaced by the annihilation and crea-

tion operators, the energy spectrum can be immediately found,

E o= (1l+2n+ 2L +10%-1 . (88)

:n,l
Also, the Schréidinger equation can be explicitely solved in terms of

the wave functions (Hermite polynomials) of the harmonic oscillator.

10. AFTER FIFTY YEARS

I have given here a review of the nonlinear electrodynamics, inter
twined with assorted pieces of my own research, which was inspired by
the work of Born and Infeld. There is no evidence that their theory has
any direct connection with the physical reality, but it stands out as a
masterpiece of mathematical physics: an exceptional structure of many
intricate theoretical features, as charming now as it appeared to its

discoverers/creators 50 years ago.
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