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It is the embarrassment of metaphystes that it
is able to accomplish so little with the many

things that mathematics offers her.

Immanuel Kant

In 1983 Jan kopuszaiski is turning 60 and the nonlinear electrody-
namics of Born and Infeld (NEBI) is turning 50.

With great pleasure I dedicate my essay to both Jas and NEBI.

In this essay I give a general review of nonlinear electrodynamics
and I describe some old and new results of my own, which were inspired

by the work of Born and Infeld.

1. INTRODUCTION
The origins of the nonlinear electrodynamics of Born and Infeld
(NEBI) can be traced to the work of Gustav Mielz who made the first
attempt to construct a purely electromagnetic theory of charged par-
ticles. The question, why a charged particle does not explode under
the repulsion of the Coulomb forces acting between its constituents,
had been asked by a number of physicists before Mie. With the advent
of the theory of relativity, this question has balooned into a whole
problem known under the name: the classical model of the electron. Ma-
ny great physicists, including Einstein, Lorentz, Planck, Poincaré,
Sommerfeld and von Laue have contributed to the discussion on this sub-
jectz) and a faint echo of their debates is ringing even today in the
physical 11terature3?
In the classical models of the electron considered before Mie, the

electron was not treated as a purely electromagnetic entity, but it
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was also "made of other stuff", like the Poincaré stresses and the me-
chanical mass. Mie wanted the electromagnetic field to be the only in-
gredient; everything else was to be derived from it. In particular, he
wanted the electromagnetic current to be made of electromagnetism. In
order to achieve this goal, Mie assumed that the Lagrangian depends on
the four-potential A“ not only through its four-dimensional curl fpv,

fuv = BHAV -avAU s (1)
but also on the Au itself. The (minus) derivative of the Lagrangian
with respect to the four-potential was interpreted as the electromag-
netic current. The generation of the current from the field variables
had been achieved in this manner, but at a very high price: the poten-
tials acquired a direct physical meaning and the gauge invariance was
totally lost. This has been found unacceptable and the theory of Mie
was shelved for two decades.

In 1933 Max Born42 joined shortly afterwards by Leopold Infeld,
have revived Mie's theory in a somewhat different form. In a series of
paperssz Born and Infeld developed a general theory of nonlinear elec-
trodynamics and also gave a new, more appealing variant of the original
theory of Born.

In my article I begin with a general nonlinear theory of the elec-
tromagnetic field (Sec.2 and Sec.3). In Sec.4 1 introduce the theory
of Born and Infeld. In Sec.5 1 show in what sense this theory is u-
nique. Secs.6 and 7 are devoted to some interesting pfoperties of NEBI,
while Sec.8 contains a discussion of its Timiting form. Finally, in
Sec.9 I introduce an amusing mechanical model inspired by NEBI.

2. GENERAL STRUCTURE OF NONLINEAR ELECTRODYNAMICS

The electrodynamics of Born and Infeld is a special case of nonli-
near electrodynamics. In order to appreciate its exceptional features,
it is worthwhile to consider NEBI in a general framework of all rela-
tivistic, nonlinear and gauge invariant theories of the etectromagne-
tic field (without higher derivatives). Every theory of that type is
described by the well known set of source-free Maxwell equations (I

use the notation of Ref.6),
atﬁ = -E (2a)

vB=0, (2b)
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atﬁ = vdl (20)

supplemented by the {nonlinear) constitutive relations,
£=Ed,8 , =008 . (3)

The choice in these equations of D and B as the primary variables
and of T and [I as functions of those variables is suggested by the re-
semblance between Eqs.{2a) and (2¢c) and the Hamilton equations of clas-
sical mechanics. The assumption, made by Born and Infeld, that Dand B
form the canonical pair of variables leads to a consistent canonical
formulation of the nonlinear theory.

The standard method to guarantee the inner consistency of Eqs.(2)
and (3) and their relativistic covariance is to postulate the exist-
ence of an invariant action principle, from which these equations are
derived. Following this line of reasoning, let us assume the existence
of a scalar Lagrangian density L, which may be any function of the sca-
lar invariant S and the pseudoscalar invariant of the electromagnetic
field tensor P,

S=-uf Mey 8,
. )
=y P = -I/BEUvApfuvfxp = BB .
Eqs.{2a) and (2b) follow from the assumed existence of the potentials
and Eqs.(2c) and (2d) follow from the variational principle employing
the Lagrange function L(S,P). In the relativistic tensor notation,

these equations are:

auka + axfuv +af =0, (5a)
auh“V =0, (5b)
where N
hev - - 8L - 9L g, 3Ly (6)
uv

The dynamical properties of the electromagnetic field are describ-

ed by the energy-momentum tensor T“v,

™ Y g (7)
Its components }

70 S Bl - 1, (8a)

100 - (@&t (8b)

10 - (Bt (8c)
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