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Nonlinear wave mechanics is constructed, based on Schrédinger-type equation with
nonlinearity —by In | ¢ |2, This nonlinearity is selected by assuming the factorization
of wavefunctions for composed systems. Its most attractive features are: existence of the
lower energy bound and validity of Planck’s relation £ = #w. In any number of dimen-
sions, soliton-like solutions (gaussons) of our equation exist and move in slowly varying
fields like classical particles. The Born interpretation of the wavefunction is consistent
with logarithmic nonlinearity and we tentatively estimate the order of magnitude of the
universal constant b,

1. INTRODUCTION

All linear equations describing the evolution of physical systems are known to
be approximations to some nonlinear theories, with only one notable exception
of the Schrédinger equation:

in(e/ot)¥ = H. (1.1)

Previous attempts to construct a nonlinear theory which would replace the
standard version of quantum mechanics have always run into serious problems
of interpretation and correspondence to ordinary linear theory. The most elaborate
program (o create an intrinsically nonlinear wave mechanics has been developed

* A preliminary, short version of this paper has already been published [2].
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by de Broglie and his collaborators [1]. This was a very ambitious program aimed
at creating a causal underlying nonlinear structure basically different from the
linear theory. The linear theory was to describe only the statistical behavior of
that new structure. No specific nonlinear equation, however, has emerged from
those investigations. |

The purpose of this paper is to outline and realize a much more modest program.
We will show that there exists a nonlinear version of the Schrédinger equation,
the one with logarithmic nonlinearity, possessing several attractive features. This
equation can be used to describe quantum phenomena without substantial changes
in the interpretation of the wavefunction.

We believe that the very fact that there exists nonlinear wave mechanics, capable
of describing all known experimental facts, may be of some significance; especially
in view of recent growing interest in nonlinear theories. Various nonlinear dif-
ferential equations have been studied during the last few years in search for
solutions describing solitons, i.e., stable, shape-preserving, localized waves [3, 4].
The nonlinear Schrddinger equation with logarithmic nonlinearity possesses
solitonlike solutions of the gaussian shape (we call them gaussons) in any number
of dimensions. These solutions in our nonlinear wave mechanics describe the
propagation of wave packets of freely moving particles. The fundamental dif-
ference between linear wave mechanics and the nonlinear theory is that in our
theory wave packets of freely moving particles do not spread. Moreover, for
macroscopic bodies the gaussons describing the center of mass motion are
extremely small and move along classical trajectories.

Our version of nonlinear wave mechanics predicts the existence of an inter-
mediate region (mesoworld), which separates the microworld from the macroworld
and locates the position of this region on the scale of dimensions. Also, it deter-
mines the limits of validity of linear wave mechanics.

In Section 2 we study the properties of a gencral class of nonlinear wave equations
from which we select, with the help of arguments presented in Section 3, the wave
equation with logarithmic nonlinearity. In Sections 4, 5, and 6 we study various
aspects of our nomlinear equation: general properties of the energy, stationary
states and motion, and internal oscillations of gaussons. Finally, in Section 7 we
discuss the physical interpretation of wave mechanics with logarithmic nonlinearity.
We show in this Section that the new universal constant b (measuring the strength
of the nonlinearity in our theory), which was arbitrary in preceeding sections, can
not exceed an upper limit of 4 X 10-1%eV set by the existing agreement between
the linear theory and experiment. We also give a plausibility argument that b
actually has a value not much different from this upper limit.

The theory discussed in this paper is nonrelativistic, However. the wave equation
with logarithmic nonlinearity can be replaced by a nonlinear Klein—-Gordon
equation (see [2]), which also has solutions in the form of (relativistic) gaussons.
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2. CLASS OF NONLINEAR SCHRODINGER-TYPE EQUATIONS

We will study here Schrédinger-type equations with the simplest form of the
nonlinearity -the one not involving derivatives of the wavefunction. More precisely
we will consider a class of nonlinear wave equations of the form

ih(8/0t) Yx, 1) = [—(2m)A + UG, ) -+ F( 4 D] ir, £).  (2.1)

We will consider only square-integrable solutions of this equation. The argument
x of the wavefunction stands for the position vector of a single particle or for the
whole collection of position vectors (position vector in configuration space) of
scveral particles. If these particles have different masses we must rescale their
position vectors in order to obtain the same mass in the kinetic energy term.
The function F is assumed to be a real-valued function of the argument p(r, £) =
| (x, ¢)|* and may be different for different physical systems.

All equations of type (2.1) have the following properties:

1. The Langrangian density has the form
L) =" (eb* atsﬂr—-— *—?ﬁ)
— (v Vi - G- G e @D
where G 1s defined as |
Gp) = p f: dp” F(p'). | (2.3)

2. Invariance under the multiplication by a constant phase factor holds.
Multiplication by a phase harmonically dependent on time and an appropriate
shift of the potential U leave Eq. (2.1) invariant.

3. In the absence of the potential, invariance under the full Galileo group
holds (including space and time reflections), with the wavefunction transforming
in the same manner as in the linear theory.

4.  All symmetry properties of the wavefunctions with respect to permutations
of the coordinates of identical particles are preserved in time.

5. The sum of two solutions whose overlap is negligible is also a solution
(weak superposition principle).

6. The norm || |l = ({¢f | )2 (but not the scalar product!) is preserved
in time.
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7. The total energy functional E[],
E[f] = (7*2m) Vb | Vi) - <UD -+ LG ¢ 19 + C, (2.4)

where C is a constant, for static potentials is preserved in time.

The averaging symbol ¢ > denotes here and in what follows the integration
with J*s and division by the norm squared of ). For example,

Wy = [[ dr g 9] [ @ ) 90 UG

and also

~1 .
VIV = [ [ @ @] [ dor (Tha)* - Vi,
8. For stationary states, i.e., for states whose wavefunctions are of the form

Ji(r, t) = exp(—iwt) H(r), (2.5)

the frequency w (which is always real) and the energy E[{] are reclated by the
formula

E[] = fiw + C +<[G(| 1) — F( 4 DD- (2.6)

It is worth noting that wavefunctions of stationary states here, as in the linear
theory, are the extremal points of the energy functional (for variations preserving
the norm).

- 9. Forisolated systems the total momentum and the total angular momentum
defined as in the linear theory, are conserved in time.

10. Expressions for the density and the current and the equations which
determine thetr changes in time have the same form as in the linear theory.

p(r, 1) = [ P(r, )% (2.7)
i, ) = p(r, ) v(x, t) = (B2mi)(p*Vif — Vi§* - ), (2.8)
(0/ot)p = =V -}, (2.9)
m(2/8t) j, = —V, Ty, — pVi,U. (2.10)

The stress tensor 73 is given by the formula
Ty = —pl(##/4m) V,V; In p + 0,(G — F)] + mpov; . (2.11)

The stress tensor here, as in the linear theory, is not defined uniquely by Eq.(2.10).
Our form (2.11) 1s based on the following requirement: We take its part containing
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derivatives to be the same as the standard version of the stress tensor in the linear
theory and we add only a suitable function of p.

I1. All solutions satisfy the Ehrenfest theorem:

m(dfde)xy = {p, (2.12)
(ddt)p) = —<VU>. (2.13)

12, The tensor of the second moments Q,; ,
Qi = (x; — {xp)x; — <x0)) (2.14)
changes in time according to the equation

m d?

2 gm L((5— ) o] (5, )

3 s = ) VU — 5 ey — <) VO

+ 0uClE( 1) — G DD, (2.15)

which follows from Egs. (2.7)-(2.13). In particular, for stationary states we obtain
h? 1 1 ,
" Vi | Vil = p) Cx; V;UD + ) <x; VU - 0 (El] — fiw — ). (2.16)

After taking the trace over indices i and J we get an expression for twice the kinetic
energy of the stationary state (virtial theorem)

(#/m) Vil | Vi = [<x - VU + n(E[] — fiw — CO)]. (2.17)

13. Nonlinear equations of the type (2.1) can be generalized in a natural
way to the case of multicomponent, say r-component, wavefunctions (b1 5eees D).
The most symmetric nonlinear term (the only one invariant under the full unitary
group U(r) i1s of the form

i(ofer) $ux, 1) = [—(hz/zm) A4 U 1)+ F( z 4, rz)] bix, 1), (2.18)

Multicomponent wavefunctions always appear in the description of spinning
particles. The invariance of Eq. (2.18) in that case leads to the invariance under
the rotation of spin. The nonlinear term in Eq. (2.18) couples various components
of the wavefunction, but the norm of every component separately is preserved
in time.
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The energy functional corresponding to Eq. (2.18)_ has the form

¥

Eldy v ] — 3 [(ﬁz/zmxwk (V> <yl Ul o>

fo=1

£ (| G (Z 4, P) | m}. 2.19)

In the simplest case, r = 2, Eq. (2.18) reduces for n == 3 to a nonlinear generaliza-
tion of the Pauli equation for the spinning electron.

14. Nonlinear equations of the type (2.1) or (2.18) also can be immediately
generalized to include the interaction with an external electromagnetic field. As in
the linear theory, this is done through the replacement

BV — GV — (efe) Alr, 1) (2.20)

and the identification of U with the scalar potential eq(r, ¢). In the case of the
Pauli equation, one should also add the magnetic moment interaction term
—JU,G * B.

In the presence of clectromagnetic field the properties 1-11 still hold with
only few obvious modifications. Namely, in Egs. (2.2), (2.4), and (2.8) the replace-
ment (2.20) must be carried out and in Egs. (2.10) and (2.13) the Lorentz force
makes its appearance.

m(a/ar)jk — inTiic + eP(EL —l_ cnleklmlem): (221)
(dfdt)<x> = vy, (2.22)
m(dldt){vy = e({Ey + c™v X BD), (2.23)

where v is now defined by the modified formula (2.8). The replacement (2.20)
also guarantees the gauge invariance with the usual transformation properties
of the wavefunctions.

3. THE LOGARITHMIC NONLINEARITY

Let us consider a physical system made up of two noninteracting subsystems,
1.e., such that

U(Xy yeeer X s 1) = Ug(Xy sy X35 8) - Us(Xpq soers X5 2). (3.1)

It is well known that in the Schrédinger theory we can write a solution of the
wave equation for such a system in the form of a product of two solutions for the

















































































