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Abstract

[n this paper [ review those properties of quantum electrodyramics which
lead 10 nonlinear effects in the dynamics of the electromagneric field.

1. Introduction

One of the most profound changes 1n our understanding of
Nature brought about by quantum field theory is the realiz-
ation that the vacuum is not empty. The vacuum state —
defined as the ground state of the system — is alive with the
oscillations of all the virtual particles of the Universe. The
fact that the vacuum is populated with virtual particles has
been recognized already by Dirac, who in his famous paper
on the gquantum theory of radiation [1] described it in the
following way:

“The light-quantum has the peculiarity that 1t apparently
ceases to exist when it is in one of its stationary states,
namely, the zero state, in which 1ts momentum and therefore
also its energy, are zero. When a light-quantum is absorbed
it can be considered to jump inte this zero state, and when
ong1s emitted it can be considered to jump from the zero state
to one in which it is physically in evidence, so it appears 10
have been created. Since there is no limit to the number of
light-quanta that may be created in this way, we must suppose
that there are an infinite number of light-quanta in the zero
state.”

During the sixty years that have passed since the discavery
of the non-empty vacuum. a lot has been learned about its
properties. Gradually it, became clear that the complete
description of the quantum field can be extracted from the
properties of its vacuum. When it is left undisturbed, the
system in its ground state does not show any signs of life; the
vacuurm state remains the vacuum state. Every perturbation.
however, produces excitations of the system. The full dynamics
of the ficld is described by the response of the sysiem in its
vacuum state to different external perturbations. This infor-
mation is stored in the vacuum to vacuum transition amplitude
treated as a functional of the fields describing the pertur-
bations. The logarithm of this amplitude s called the effective
action. In the classical limit. the effective action becomes just
the ordinary action functicnal of the classical field. Thus, the
effective action contains on one hand alf the information about
the quantum systern and on the other hand it aliows an
almost classical interpretation.

The exact evaluation of the effective action is tantamount
1o a complete solution of the problem and, therefore, can only
be carried out for free fields. In quantum electrodynamics and
in other theories with a weak coupling we can approximately
evaluate the effective action by perturbation theory.

The aim of this lecture is to describe in some detail the
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applications of the effective action theory in quantum electro-
dynamics to a restricted class of problems. 1 shall only deal
with external perturbations due to slowly changing electro-
magnetic fields. Even in this narrow domain one finds many
inieresting and novel physical phenomena.

2. HeisenberguEuier—Weisskopf—Schwinger effective
Lagrangian

The history of the effective action is just over fifty years old.
It begun in 1936, when Werner Heisenberg and his two

- students Euler and Kockel decided to study the scattering of

light on light according to the Dirac hole theory. As a result
of this study, they have not only wrote down the photon-
photon cross-section, but they have also been able to determine
the Lagrangian for a slowly changing electromagnetic field in
interactior with the virtual pairs of electrons and positrons.
The paper [2] in which this was presented is a true master-
piece. [t contains a sophisticated, gauge covariant method of
handling the infinities in quantum field theory {a simple
version of what 30 years later became the Wilson expansion
method), including rudimentary renormalization, superb
classical mathematical analysis combined with deep physical
insights.

1 would like to recall very briefly the procedure used by
Heisenberg and Euler in their derivation of the eflective
action. They studied the behavior of the second-quantized
electron field m the presence of a constant electromagnetic
field. Due to the interaction of the Dirac-sea electrens with
the electromagnetic field, the energy of the system will differ
from its free-field value even in the ground state of the electron
fields, 1.e., when no real electrons or positrons are present.
The starting point of their calculation of the effective action
was the following formuia for the energy density of the
system

U = WE + B)+ Yyt [m-

+ ﬁmc‘zil g, — Uy, (1
where the summation extends over all negative energy states
and U, is the value of the energy (the vacuum energy) in the
absence of the external field. The above formula is abtained
by taking the expectation value of the energy aperator of the
electron field in the ground state of the system. The sum over
ail accupied states in this formula is highly singular. Heisen-
berg and Euler had to use a sophisticated poim splitting
method to obtain the correct (gauge invariant) result. This
gauge invarint pomnt splitting method has been reinvented in
the fifties without a proper credit being given 1o its originators.






