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Abstract

We show that in addition to well-known Bessel, Hermite—Gauss and Laguerre—
Gauss beams of electromagnetic radiation, one may also construct exponential
beams. These beams are characterized by a fall-off in the transverse direction
described by an exponential function of p. Exponential beams, like Bessel
beams, carry definite angular momentum and are periodic along the direction
of propagation, but unlike Bessel beams they have a finite energy per unit
beam length. The analysis of these beams is greatly simplified by an extensive
use of the Riemann—Silberstein vector and the Whittaker representation of the
solutions of the Maxwell equations in terms of just one complex function.
The connection between the Bessel beams and the exponential beams is made
explicit by constructing the exponential beams as wave packets of Bessel beams.

1. Introduction

Directed beams are very common forms of electromagnetic radiation, especially in the optical
range. Several mathematical representation of such beams were introduced in the past. Among
various beams, the Bessel beams and the Laguerre—Gauss beams play a distinguished role
because they are characterized by a definite value of the projection of the angular momentum
on the direction of propagation. Beams carrying angular momentum were studied theoretically
and experimentally (a collection of papers on the optical angular momentum has been recently
published [2]). A presentation of new examples of such beams seems to be worthwhile. In
this paper, we produce a new family of beams—the exponential beams. The exponential
beams are exact beam-like solutions of the Maxwell equations with a definite value of
angular momentum and with an exponential fall-off in the transverse direction. They can
be placed halfway between the Bessel beams and the Laguerre—Gauss beams. Similarly to the
Bessel beams, exponential beams have a definite value of the wave vector in the direction of

* We dedicate this paper to the memory of Edwin Power who recognized in his book [1] the power of
Riemann-Silberstein vector although he has not been aware of its early history.
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propagation and like the Laguerre—Gauss beams they are confined in the transverse direction.
The exponential beams are not monochromatic, but their spectrum may be highly peaked.
They can be conveniently represented as wave packets of Bessel beams. In our analysis of
exponential beams, we shall employ the tool developed in our recent work [3]—the Whittaker
representation of the Riemann—Silberstein (RS) vector—that enables one to derive any solution
of the free Maxwell equations from a complex solution of the scalar wave equation. We begin
with a brief summary of this representation.

2. Whittaker representation of the RS vector

A natural tool in the analysis of the solutions of the Maxwell equations, in both classical and
quantum theories, is a complex vector F',

€0 .
F = \/;(E+ICB), (1)

that carries all the information about the electromagnetic field. We named this vector in [4]
the Riemann—Silberstein (RS) vector because it made its first appearance in [5] and was more
extensively analysed in [6]. The RS vector was occasionally used in the past [7, 8] in classical
electrodynamics, but we believe that its power lies also in bridging a gap between the classical
and the quantum theory of the electromagnetic field [3].

Owing to the linearity and the homogeneity of the Maxwell equations, the coefficient
in definition (1) is not important and we shall often disregard the question of the overall
normalization of F' and use the RS vector in the form F' = E + icB. Two pairs of Maxwell
equations expressed in terms of F' reduce to just one pair

o F(r,t) = —icV x F(r,t), V.-F(r,t) =0. 2)

Following Whittaker [9, 10], we shall express the solutions of these equations by one complex
function y (v, ¢) (in fact, Whittaker used an equivalent representation of the solutions of real
Maxwell equations in terms of two real functions)

F, 00, + (1/c)0,0,
Fy | =10,y0; — (i/0)0:0; | x(r, 1), 3
F, —33 — 8%

where x (r, t) obeys the d’ Alembert equation

1 2
<;@-—A>XwJ)=Q “4)

In the cylindrical coordinates (o, ¢, z), that are useful in the description of beams carrying
angular momentum, the components of the RS vector are

F, 3,0, + (i/cp)dpd,
Fol=| (/083 = (/0)3,8, | x(p.¢.2.0). 5)
F. —d; — (1/p)d, — (1/p*)3;

3. Exponential beams

We shall construct exponential beams as wave packets of Bessel beams. In this manner, we
can automatically obtain a spectral decomposition of exponential beams, since every Bessel
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