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Phase Coherence of BEC

First measure of time coherence (JILA 1998):
π/2-pulses between 2 internal states
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Phase coherence is crucial for applications of BEC :

Interferometric measurements (internal or external states)

Clocks on an Atom chip (Munich,Paris, ...)

What determines the fundamental limit to phase coherence ?
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Considered System

A BEC in steady state at thermodynamical equilibrium.

Total number of particles is fixed and equal to N

3D spatially homogeneous system.

at T = 0 the correlation function 〈a†0(t)a0(0)〉 oscillates at
frequency µ, Beliaev 1958. No phase spreading.

at T 6= 0 Interactions with non condensed modes (Bogoliubov
excitations) perturb the condensate phase.

Accumulated phase during t : ϕ̂ = θ̂(t) − θ̂(0)

Var ϕ(t) ≡ 〈ϕ2〉 − 〈ϕ〉2 is an increasing function of time.
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Theoretical Frame

Early works: Diffusive or Ballistic phase ?

Quantum optics inspired approaches: Var ϕ(t) ∼ 2Dt.
D. Jaksch, C. Gardiner, K. Gheri, P. Zoller PRA (1998)

R. Graham PRL (1998), PRA, JMO (2000)

Manybody approach :
A. Kuklov, J. Birman PRA (1998): Var ϕ(t) ∼ αBog t2

The prediction neglects interactions among Bogoliubov modes.

Important aspects not (both) included in previous treatments

Interactions among the non-condensed Bogoliubov modes

Condensate + non condensate = isolated quantum system
↔ Laser = Open quantum system

→ New theoretical frame needed.

→ Quantitative prediction needed.
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Quantum ergodic approach

Superdiffusive phase spreading: Var ϕ(t) ∼ At2

A. Sinatra, Y. Castin, E. Witkowska, PRA (2008):

For a given realization of energy E , at long times

ϕ(t) ∼ −µ(E )t/~, Var ϕ(t) ∼ t2

~2

(

∂µ

∂E

)2

E=Ē

Var H

What if energy fluctuations in the initial state are suppressed ?
Indeed the condensate phase diffuses.
We want to calculate D in the general case.

The quantum ergodic approach (long times) is not enough

→ New theoretical frame needed.
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Phase spreading and correlation function of ϕ̇

n~k : occupation numbers of Bogoliubov modes

Phase derivative : ϕ̇ ≃ −µ0/~ +
∑

~k 6=~0 (Uk + Vk )2 n~k

Correlation function : C (t) = 〈ϕ̇(t)ϕ̇(0)〉 − 〈ϕ̇(t)〉〈ϕ̇(0)〉

Phase variance : Varϕ(t) = 2t
∫ t

0
C (τ)dτ − 2

∫ t

0
τC (τ)dτ

A can be calculated with the ergodic theory
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Quantum Kinetic Theory

For a given initial state |{nk}〉.
nq(t) ≡ 〈{nk(0)}|n̂q(t)|{nk(0)}〉 obeys kinetic equations (Landau)

Landau and Beliaev processes included: q + k → k′ and q → k + k′

Energy is strictly conserved in each scattering event

Stationary solution: n̄q = 1
eβǫq−1

.

Further steps

Initial state: statistical mixture of microcanonical states:

〈Ô〉 =

∫

dE P(E ) 〈Ô〉mc(E ) ;
σ(E )

E
∼ 1√

N
for N → ∞

Linearize the kinetic equations for δnq(t) = δnq(t) − 〈nq〉

Equations for the correlations functions 〈δnq(t)δnk(0)〉
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Main Results

Condensate phase variance

Varϕ(t) ≃ At2 + Bt + C for t → ∞ .

Within the quantum kinetic theory : δ~̇n(t) = Mδ~n(t):

We recover the results of the quantum ergodic theory:

A =
1

~2

(

dµ

dE

)2

E=Ē

VarE

We find an explicit expression for B = 2D and C in terms of M−1

and t = 0 correlation functions.

B and C do not depend on energy fluctuations in the initial state.
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Coefficient A, for canonical energy fluctuations
√
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Compare to partition noise when ∆n ∼
√

N (phase collapse)

n = Na − Nb Var ϕ(t) = Var ϕ(0) + χ2(Var n) t2

χ =
1

~

dµ

dN

√

APartition ≃ χ∆n ≃ ρg√
N
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Diffusion coefficient for 〈E 〉 = Ēcan(T )

First quantitative prediction for D = B/2
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Variance of the condensate phase

Varϕ(t), with and without energy fluctuations in the initial state
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Classical Field Model: the method

ψ describes condensate and non-condensed fraction

i~∂tψ =

[

−~
2∆

2m
+ g |ψ(~r , t)|2

]

ψ

Can be simulated exactly

Contains the full non-linear dynamics

UV catastrophe (kBT average energy per mode)
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Numerical test of Super-diffusive phase spreading

Var ϕ(t) ∝ t2

Here with
energy
fluctuations
of the
canonical
ensemble

Phase is ballistic over a wide range of temperatures.
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Quantitative test on the quadratic coefficient A
Long time behavior of phase derivative correlation functions

C(t) = 〈ϕ̇(t)ϕ̇(0)〉 − 〈ϕ̇〉2 → A Var ϕ ∼ At2



Plan INTRODUCTION THEORETICAL APPROACH RESULTS TEST AGAINST SIMULATIONS EXPERIMENTS

Numerical test of Phase diffusion (1)

We suppress fluctuations of the energy in the initial state
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Probability distribution of the condensate phase
change
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t = 16mV 2/3/~, kBT/ρg = 24. Dashed: expected Gaussian distribution
for a diffusive motion with D = 0.781× 10−3
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Test of the kinetic theory against simulations

Diffusion coefficient

−x− Classical Kinetic equations • Classical Field Simulation:
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Quantitative test: classical kinetic theory on a lattice (with a cut-off)
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Measurement scheme 1

Modification of the JILA scheme : weak-pulses
between 2 internal states

1

0
→

ca

cb
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→
c2
a e iθa + c2
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cacb(e
iθa − e iθb)

Linear response theory

Pb ∝ 1 −ℜe(e iδt0〈a†0(t)a0(0)〉)/N

δ = (ωPulse − ωba)

|〈a†0(t)a0(0)〉| ≃ N exp{−Varϕ(t)/2}

Transfer a small

fraction of atoms
to b

a is weakly
perturbed

Neglect
interactions
b − b (ideally 1
atom)

Suppress
interaction a − b

(Feshbach or
separation)

→ Ability to detect efficiently a small number of atoms (cavity).
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Measurement scheme 2

BEC in a double well: Start from a balanced Josephson junction then
cut the link by raising the barrier

Quasi stationary scheme

Partition noise, but spin squeezing possible: n = Na − Nb

Var n = ξ2
N

N
4 ; ξN = 0.35 and still good phase coherence:

Var (ϕa − ϕb)t=0 = 0.2
Estève, Gross, Weller, Giovannazzi, Oberthaler, Nature, (2008)

For homogeneous systems with canonical energy fluctuations on
both sides of the Josephson junction

R =
(Varϕ)Partition

(Varϕ)T 6=0
≃ ξ2

N

Ã
√

ρa3
with Ã

(

kBT

ρg

)

For: kBT/ρg = 10, (ρa3)1/2 = 10−3, ξ2
N = 0.35, one has R = 0.8.
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Conclusions

Using kinetic equations we calculate how the variance of the
phase grows in time for a finite temperature condensate:

Varϕ(t) ≃ At2 + Bt + C for t → ∞

A ∝ VarE (also given by ergodic theory).

First quantitative prediction for B (diffusion) and C.

Thermal phase should be accessible to experiments with
present technology ...
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