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Probabllity operator measurements

»
« k=1I1saPOVM with outcomes ¢ O

for state the probabllities p, =tr f g are observed.

POVM-=positive-operator-valued measure (math jargon)
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Probablility operator measurements

»
« k=1IisaPOM withoutcomes O

for state the probabllities p, =tr f g are observed.

The POM is informationally complete (IC) if can be
reconstructed from the pys.
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Probabllity operator measurements

F)
« k=1IisaPOM withoutcomes O

for state the probabllities p, =tr f g are observed.

The POM is informationally complete (IC) if can be
reconstructed from the pys.

An IC-POM must have at least D2 outcomes, if the Hilbert
space Is D -dimensional and the state space has
dimension D% (or D% 1).

A minimal IC-POM has exactly D? outcomes.
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SIC-POMSs

A SIC-POM is a symmetric minimal IC-POM if

tr f K |g:ak|+b

with
1 1 1
a+ bD?= = — <a+b —:
D’ D3 D?2
f th K b= - db= =
If the (S are rank-one, a+ b= Ean = 52: D3

Typical construction: use one outcome as a reference
(“ ducial state”) and get the others by applying the D?
unitary operators of the Heisenberg-Weyl group.

Renes, ..., Caves, J. Math. Phys. (2004); Appleby, J. Math. Phys. (2005); and others
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SIC-POMs for qubits

Single qubit (D = 4): tetrahedron measurement,
1 : 4 1
K = Z(l + Ty “‘) witht, t =

3 3
Qubit pair (D = 16): Appleby's reference state in 2-qubit
basis yields SIC-BOﬂin which 4 | Is a state with

concurrence g=  2=5. Expectation values in ducial state:
1
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POMSs for qubits—1 (EXp)

Qubit pair (D =16 =4  4): Could use Appelby's
SIC-POM, which is hard to implement, or the product POM

X4 x4 1
E(l + T ~)A+t% —)=1;
k=1 I=1

which Is easy to implement.

Experiment with product POM:
Ling, Lamas-Linares, Kurtsiefer,

arxiv:0807.0991[quant-phl].

Quantum Optics VII, Zakopane, 9-12 June 2009 — p.6



POMSs for qubits—1 (EXp)

Set-up for the tetrahedron measurement on the
polarization qubit of a photon.

Ling+al, arXiv:0807.0991[quant-ph]

-
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POMs for qubits—1 (Exp)

o tw ton state (triplet)
| single photon state (H) o |
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Tomography with the tetrahedron-POM and the product
POM of two tetrahedrons. Normalization = divide by
numbers of parameters (3 or 15). (Ling+al, arxiv:0807.0991[quant-ph])
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POMs for qubits—2 (naive)

0
0 1000 2000 3000 4000 5000 6000

Simulated tomography on a Bell state.
Trace-class distance for SIC-POM: ; product POM: +;
up to 6000 copies averaged over 100 runs.

-
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POMs for qubits—2 (naive)

0
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Simulated tomography on a third Bell state.
SIC-POM: ; product POM: +.
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POMs for qubits—2 (naive)

0
0 1000 2000 3000 4000 5000 6000

Simulated tomography on a fourth Bell state.
SIC-POM: ; product POM: +.
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POMs for qubits—3 (MaxLik)

1000 2000 3000 4000 5000 6000

Simulated tomography on a Bell state.
Trace-class distance for SIC-POM: ; product POM: +;
up to 6000 copies averaged over 100 runs.
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POMs for qubits—3 (MaxLik)
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POMs for qubits—3 (MaxLik)
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Simulated tomography on a fourth Bell state.
SIC-POM: ; product POM: +.
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SIC-POM vs product POM

Conclusion 1

It's hardly worth the trouble to implement the full
SIC-POM for qubit pairs, the product POM is ne.



Entanglement withesses

W isawitness if (1) tr fW g O for all separable states

and (2) tr fW g < 0O for some entangled states.
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Entanglement withesses

W is awitness if (1) tr fW g for all separable states
and (2) trfW g> for some entangled states

where Is the threshold.
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Entanglement withesses

W is awitness if (1) tr fW g for all separable states
and (2) trfW g> for some entangled states

where Is the threshold.

X P —
Example: Any entangled pure-state ket = 1] [
J
yields withness W = with threshold = max;f ;g< 1:
trfW gpg=tr W'2 (2 maxf ;gforall separable

states sep b§<causep %, 0and the largest eigenvalue of

RN K is maxT ;g
Kk

CCIl
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How many withesses?

Question:

Given a state of a composed D = DD,
dimensional Hilbert space, how many wit-
nesses do | have to measure In order to de-
cide whether Is entangled or not? (Artur Ek-
ert, Vienna 2000)
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How many withesses?

Question:

Answer:

Given a state of a composed D = DD,
dimensional Hilbert space, how many wit-
nesses do | have to measure In order to de-
cide whether Is entangled or not?

Very many, perhaps in nitely many, if you rely
on the witnesses one by one.
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How many withesses?

Question:

Answer:

Given a state of a composed D = DD,
dimensional Hilbert space, how many wit-
nesses do | have to measure In order to de-
cide whether Is entangled or not?

A total number of D? witnesses is enough if
they make up an IC-POM: If none of the wit-
nesses gives a conclusive answer, all of their
expectation values together provide complete
Information about
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Witness POMSs for qubit pairs

Appelby's SIC-P%M has = 3 (pure state with
concurrence q=  2=5); this is a withess POM with good
tomographic ef ciency, but poor witness ef ciency.

Alternative construction:

. 1 |
1) .2 has eigenvalues g Tp with p = P 1 @ =
=
+
2) Wi = SRR 7 is nonnegative rank-3 op-

T 2p 8 K
)e(rator with tr f W, g = %1 and an optimal witness;

3) W, =1 is SIC-POM with each outcome a witness.

k
Lewenstein+al, PRA 2000

-
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Withess ef ciency

0 02 04 0.6 0.8 1.C
concurrenc

ratio=probability of detecting entanglement without tomography

Simulation of measuring pure 2-qubit states;
curve a: SIC-POM (Appleby) ( 10
curve b: optimized withess POM
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Withess ef ciency
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concurrenc

Simulation of measuring mixed 2-qubit states;
curve a: SIC-POM (Appleby) no counts
curve b: optimized withess POM (10’ random states)

Note: Virtually no states with concurrence larger than 0:75.

CCIl
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Withess POMSs

Conclusion 2

There are SIC-POMs with outcomes that are
optimal witnesses.
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