RENYI EXTRAPOLA TION OF SHANNON ENTR OPY

KAR OL ZYCZK OWSKI

Abstra ct. Relations between Shannon entropy and Renyi entropies of integer
order are discussed. For any N {point discrete probabilit y distribution for
which the Renyi entropies of order two and three are known, we provide an
lower and an upper bound for the Shannon entropy. The average of both
bounds provide an explicit extrap olation for this quantit y. These results imply
relations between the von Neumann entropy of a mixed quantum state, its
linear entropy and traces.

ver. 2 with corrigendum added, February 17, 2005

1. Intr oduction

We are going to analyze discrete probabilit y distrilwtions % = fXq; XN g, Which
consist of non{negative numbers summing to unity. iNzl X; = 1. To characterize
guantitativ ely such probability vectors one usesShannon (information) entropy [1]

X
() H (%) = Xj In x;
i=1
where we adopt the convertion that 0In 0= 0, if necessary
The Shannon entropy is distinguished by seweral unique properties [2], but it
is often conveniert to introduce generalizedRenyi entropies [3] parametrized by a
cortin uous parameter g,
i
In xd

a0

(@) Hq(x) :=

The Renyi entropies are well de ned for positive g 6 1, but is is not dicult to
show that for any probability distribution % one haslimg 1 Hqg(%) = H(%). For
consistencythe Shannonentropy H will thus be denoted by H;. This method of
generalizingthe Shannonentropy is by far not the only one{ for reviews of other
generalizationsseebooks by Kapur [4] and Arndt [5].

In this work we discussrelations between Renyi entropies of dierent orders,
and in particular betweenH, H, and Hs. Physical motivation for such a study is
twofold. First, we may not know the entire vector x, but only afew of its L 4 norms,
so knowing the Renyi entropies, say H, and H3 we want to estimate the unknown
Shannon entropy Hj. Sudh a situation occurs if one studies an N dimensional
guantum medanical mixed state accordingto the schemerecerly proposedby
P. Horodedki et al. [6, 7] and measuresdirectly the traces Tr ¥ for k = 2;3;::M.
If M < N the entire spectrum of remains unknown, and it is not possible to
nd its von Neumann entropy, S( ) = Tr In , (i.e. the Shannonentropy of the
spectrum), but the generalizedReryi entropies Hy, including the linear entropy,
which is a function of H, may be readily obtained. Similar problems arisein many
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di erent branches of physics, for instance by the study of the statistics between
particles created in high{energy collisions [8, 9]. Measuring probabilities of that
two independert collisions give rise to the samedistribution of particles allows one
to obtain the Renyi entropy H, but not directly the Shannonentropy Hj.

Another reasonto study relations between H; and H, has been provided by
the work by Pipek and Varga [10]. They assumedthat both these quartities are
known, and obsened that their dierence, Sg = H1 H» called structural en-
tropy, provides an important characterization of the analyzed probability vector x.
For instance, an increaseof the structural entropy charactering an eigenstateof a
tight binding model indicates the Anderson transition. Seweral other applications
of structural erntropy include also quantum chemistry and statistical analysis of
guantum spectra, (see[1]] and referencestherein).

The von Neumann entropy of a mixed state obtained by partial trace of a bi{
partite pure state, = Trg(j ih ), measuresthe degreeof entanglement of the
pure state j i. Alternativ ely one can measurethe entanglemert by generalizeden-
tropies (seee.g. [12)), sorelations betweenertropies analyzedin this work provide
bounds betweendi erent measuresof entanglement. This very point has recertly
beendiscussedin the paper by Wei et al. [13], which provides an additional moti-
vation for the presert work.

This paper is ogranized as follows. In section 2 the basic properties of the
Renyi entropies are reviewed. In section 3 we presert recert results of Tops e
and Harremoes [14, 15], which allow us to propose lower and upper bounds on
the Shannonentropy obtained out of the Renyi entropies of order two and three,
provided the length N of the vector is known. They are derived in section 4, while
in section 5 we proposeand analyze en estimation of the Shannonentropy.

2. Shannon and Renyi entr opies

Consider a random variable attaining not more than N di erent valueswith

cahracterizedby the Shannonertropy (1) or generalizedRenyi entropies (2).

All generalized entropies Hqy vary from zero for a certain evert (the distri-
bution Q1 := f1;0;:::;0g) to InN, for the uniform distribution, (the distribu-
tion Qn := f1=N;1=N;::;1=Ng). For the distributions with k equal elemers,
Qx := f1=k;:::; 1=k; 0;::;; Og, the entropies admit intermediate values, In k.

The Reryi entropy Hq corvergesto the Shannonertropy in the limit g! 1. It
is also useful to expressthe Shannonentropy asthe limit of the derivative,

@ g)exp Hq(x) ]
1 @ '
Sqme special casesof Hq are of special interest. For g = 2 we have Hy(x) =

In[ iNzl x?]. The Reryi entropy of order two, called extension entropy [10], is
closelyrelated to the inverseparticipation ratio,

3) HOo = i

1
4) R(x) := PN—x2 = expH2(x)]:
i=1 Xi
This quantity characterizesthe "e ectiv e number of dierent events" which the
stochastic variable may admit, and varies fromFynity for Q1, to N for the uniform

distribution Qy . Another quantity r = 1=R = iNzl x2, called index of coincidence

[15], in quantum medanical problemsis called purity, sincethe larger r the more
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pure, the state it describes. The quantity L := 1 r = 1 exp( Hy) is called
linear entropy sincein analogyto Shannonentropy it achievesits maximum for the
uniform distribution Qy .

In the caseq = 0 the Reryi entropy is a function of the number m of positive
componerts of the vector, Ho(%) = Inm. In the limit q! 1 we obtain a quartity
analogousto the Chebyshev norm: H; = InXmax, Where Xnax is the largest
componert of x.

The Renyi entropy (2) is a sum of N terms sofor any nite N the function of
Hq on g is dierentiable. The functional dependenceof the Reryi entropy on its
parameter was investigated in detail by Back and Sclegl [16]). Making use of the
fact that the function x5 is convex for s > 1 and concavefor 0 s 1 they have
proved sewral inequalities!, which we recall in the caseq> 0,

(5) GHa ©
©) el He
) g(l QHq O;
(8) %(1 QHq O

The rst inequality (5) meansthat the Renyi entropy is a non increasingfunction
of its parameter,

(9) Hq(*) Hs(%) for any s> q

and this statemert is valid also for in nite probability vectors and the casesof
nondi erentiable Hq [16]. Hencethe structural entropy Sg = Hi  Hy is non{
negative [10].

Inequality (8) implies that the dependenceof the Rernyi ertropy on its parameter
is corvex.?2 Thus knowing the 0 and 2{entropies one obtains by linear interpolation
an upper bound for the Shannonentropy

1
(10) Hi(*) Huo = E(HO(X) + Ha(%)):
This relation givesus an upper bound for the structural erntropy
1
(11) Sstr (%) == H1(%) H2a(%) > Ho(x) Ha(x)

valid for any vector x of a nite length N.
In an analogousway, if the Renyi entropies of order 2 and 3 are known, the linear
extrapolation provides a lower bound for the Shannonertropy

(12) Hi(%) Hazs(%) = 2H2(%) Hz(%);

Iin the book[16] the quantity Hq called Renyi information was analyzed, so the direction of
the inequalities derived there is inverted.

2This claim is withdra wn - seeinto corrigendum Sec. 7, in which consequencesof this error
are pointed out.
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which combined with (10), allows one to write down a simple estimation Hgpz =
(Hq + Hyo)=2, (seeFig 3.a),

1
(13) Hi(%)  Hoza(x) := Z[Ho(x) + SH2(x)  2Hs(3)]:
Making use of the inequality (6) we obtain the relation
(14) %qu S—Sle(x) for any s q;

which is equivalert to the statemert that the L q{norm is a non{increasing function,
JiXiis  lixliq- This result provides another upper bound, Hg  q(s 1)Hs=s(q 1).
Although it is not applicable for the Shannon entropy, for which q = 1 so the
inequality becomestrivial, but it givesan usefull bound on Hq with g > 1 by the
limiting valueH; ,
(15) Ho()  gorgHa (0

In further sections of this work we shall discuss possibilities of nding more
precise bounds and estimations for the Shannonertropy, provided the dimension
N of the probability vector is known.

3. Bounds between Renyi entr opies

For any value q O the generalizederntropy Hq is equal zero for certain events
described by the distribution Qq, and achievesits maximum for the uniform distri-
bution, S(Qn) = InN..

To investigate further relations betweenthe Renyi entropies of di erent order
we have chosento analyzethe caseof N = 3 dimensional vectors x. The spaceof
all possible probability vectors, plotted in the the plane x3 = 1 x; x, forms
an equilateral triangle of side 2 measuredin the Euclidean distance. Its three
corners: (100), (010) and (001) represen certain events, while the certer of the
triangle correspondsto the uniform distribution Qs.

Fig. 1 shows setsof points characterized by the sameReryi entropy of order g,
which may be callediso-ertropy curves. Independenly of the value of the parameter
g the generalizedentropy attains its minimum, Hq = 0, at the corners of the
triangle, while the maximum Hq = In 3 is achieved at the point Q3 at the certer of
the triangle. As shown in Fig. lathe maximum is rather at for q= 1=4. The case
shown in this panel resenbles the limiting caseHg, for which the entropy re ects
the number of events which may occur: it vanish at the corners of the triangle, is
equal to In2 at its sidesand equalsto In 3 for any point inside the triangle. The
other example, g = 8, preserted in Fig. 1d. is similar to the limiting caseH; ,
for which the iso-ertropy curvesare perpendicular to the lines joining Qs with the
corners.

Superimposing someof the above pictures on onegraph allows oneto understand
further relations betweenthe Reryi entropies. The generalizedertropies are corre-
lated; e.g. for the distributions Qg the ertropies are equalto In k independertly of
the value of q.

The problem, which values the entropy Hq may admit, provided Hs is given,
has beensolved by Harremoesand Tops e [15]. For any distribution P 2 RN they
proved a simple (but not very sharp) upper bound on H; by H»,

(16) Ho(¥) Hi(*¥) InN+ 1N  exp( Ha(%)
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Figure 1. Iso-ertropy curvesin the spaceof probability distribu-
tions with N = 3. The generalizedRenyi entropy is constart along
the curvesplotted for (a) g = 1=4, (b) g = 1 (Shannon entropy),
(c) g= 2 (Euclidean circles{distance D), and (d) q= 8. Dotted
lines form the triangle 4 (Q1; Q2; Q3).

where the lower bound is a special caseof (9). Moreover, they showved that the set

q;s Of possibleprobability distributions plotted in the plane Hq versusHs is not
cornvex (seeFig. 2), and its boundaries are formed of arcs corresponding to the
interpolating probability distributions

a7 Qui(a) = aQk + (1 a)Q with a2 [0;1]

More precisely for any probability distribution P consisting of N componerts and
arbitrary s> g > 0 the following bounds hold [15]

(18) Hq(Qk 1x(a)) Hq(P) Hg(Qun (8));
where a is a function of the known value of Hs(P) and the natural number k is
selectedby the inequality In(k 1) Hs(P) Ink.

The aboveresults, crucial for the main body of this work, are easyto understand.
Let usdiscussthe simplestnontrivial casewith N = 3. The two dimensionalsimplex
of probability distributions may be divided into 6 identical parts, equivalert to
the triangle 4 (Qq; Q2;Q3), as shown in Fig. 1c. Three sidesof the triangle are
formed of the interpolating distributions Qi.2, Q1.3 and Q2.3 and thesedistinguished
probabability distributions are extremein a sensethat they leadto the bounds(18).
The boundsbetweenH; and H, for N = 3 arepreserted in Fig. 2a. To obtain them
it is su cien t to travel along the sidesof the triangle 4 (Q1; Q2; Q3), computing H1
and H, at ead point and to plot the data obtained in the plane H; versusH,.

More formally, the upper boundary of the set s consistof onearc derived from
the family of distributions Qi.n (@); for any value of a we compute H(a), invert it
to obtain a(Hs) and plot Hq(a(Hs)). In the caseN = 3 the upper bounds plotted
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in Fig. 2a, c and e arise from the hypotenuseQq; Q3 of the triangle 4 (Q1;Q2; Q3)
from Fig. 1.b and c.

In the similar way the lower bound may be derived from the distributions
Quk+1(a) for k = 1;::N 1. It consistsof (N 1) arcs forming an cascade
Hq(Qu2(a)) » Hg(Qoz(a)) » N Hq(Qn 1~ (3). Note that the distributions
Qx arerepresened in ead plot by the points (In k; In k), which connectthe neigh-
bouring arcs. For N = 3 the lower bound consistsof two arcs, corresponding to the
adjacert sidesQ3; Q> and Q2; Q3 of 4 (Q1; Q2; Q3).

The shape of the set s requiresa commert. The N 1 dimensional simplex {
the setof all N {p oints probability distributions is corvex and any of its projections
onto a plane forms a corvex set. Howewer, its image at the plane Hq versusHsg
needsnot to be corvex, sincethe transformations Hq(x) and Hs(x) are nonlinear.
The boundariesof s are obtained as the image of an appropriately chosenpath
on the boundary of the simplex. In the caseconsideredit is the path Q; ! Q!

I Qn ! Qi, independertly of the valuesof g and s. Obserwe that the general
structure of the set s doesnot depend ons. Howevwer, the larger di erence s q,
the larger areaof the set: the lessinformation on Hy is provided by Hs.

N=3 N=5

Figure 2. The setof all possiblediscrete distributions for N = 3
and N = 5 at the Rernyi entropies plane H1 and Hq: g = 2 (a,b);
g= 3 (cd) and q = 4 (e,f). Thin dotted lines in eath panel
represent the monotonicity lower bounds (9) while bold dotted
curvesin panel (a) and (b) denote upper bound (16).

Let us emphasizein this point that results preseried in [15] do not closethe issue
of nding bounds and relations betweendi erent entropies. Results analogousto
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(18) for a more generalclassof entropy functions were recertly obtained by Berry
and Sanders[17]. A more preciselower bound for Shannonentropy, quadaratic in
terms of index of coincidence(purit y) was found by Tops e [1§].

4. N{dependent bounds for Shannon entr opy

4.1. Bounds based on H, and the length N of the probabilit y vector.

Results (18) allow us to obtain bounds for a value of the entropy H, provided the
value Hs is known. Let us rst assumethat the entropy H» is known and we want
to extract someinformation on H;. We start computing the Reryi entropy of order
two,

(1 a)Zi
N 2

h
19  HaQuu(a)= in C DA

and invert it to obtain

+ (N 1)

r
Nexp( Hz) 1

20 =
(20) a N 1
In this way we receive sharp upper boundsfor g 2 (0; 2)
h i
1 1+ (N 1)a d 1 aad
" .
(21) HoP) =i N N D =
which for g! 1 reducesto
1 a, 1 a 1+alN 1) 1+alN 1)
u .— .
(22) Hi(P) Hi:=(1 N) N In N N In N ;

with a given by (20).

To obtain analogouslower bound we nd k such that In(k 1) H, Ink
and 5ompute H2(Qk 1« (). Also this relation may be easily inverted providing
a= k(k 1)exp( Hz)+ 1 k. Thuswe arrive at a lower bound for the Renyi
entropy

L h i
(23) HoP) M (K 1)z%+ye

and in particular case,for the Shannonerntropy

(24) Hi(P) H%L:=@ k)zlnz yliny;

with z= (k+a 1)=k? k)andy= (1 a)=k.

4.2. Bounds based on H3 and N. Let us now assume,we know the value of

the Renyi entropy Hz. As in (19) we compute H3(Q1.n (a)), and invert it nding
a2 [0; 1] asthe largest (real) root of the polynomial

3 NZ2exp( 2H3) 1
N 2 (N 1N 2
Then the upper bound valid for g 2 (0; 3) is given by the sameformula (21) with

a given by the root of (25) instead of (20). For q! 1 one obtains then the upper
bound for the Shannonertropy

(25) Wy(a) = a®+ a° =0

1 a 1+ a(N 1)|n1+a(N 1)

1 a
26) Hi(P HL =@ N I
(26) 1(P) 13 ( ) N n N N N ;

with a determined by (25).
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To get the lower bound we look for k° such that In(k® 1) Hsz  Ink®
'rghe relation Hz(Qko 1x0(a)) may be inverted explicitly for k®= 2 providing a =
[4exp( 2H3) 1]=3. For k> 2 ais given by the only root of the polynomial

B 3O 1) (KO 1)
(27) Wq(a) = a + a? >0t o 1o

in the interval [0; 1]. The lower bound for the Renyi entropies has the sameform
as (23) and givesfor the Shannonentropy

(28) Hi(P) H&%L:=@ k9z%nz°® yOIny®

with z0= (k°+ a 1)=(k%k® 1)) andy®= (1 a)=k°

1 k®exp( 2H3)] = O

5. Combined extrapola tion

In previous sectionwe obtained two upper boundsfor the Shannonentropy: (23)
stemming from the Reryi entropy H,, and (12) obtained from Hgz. The latter isin
generala worseone’, but it allows for a linear extrapolation, which gives

(29) Hup (%) 1= 2H1p(x)  Hiz(x):
Our numerical results allow us to advancethe following
Conjecture.
For any probability distribution x the bound
(30) Hi()  Hup(®)
holds.

In the sameway one may try to extrapolate lower bounds de ning Hg(%) :=
2HE, (%)  H&(%). For certain probability vectors this quantity may give a useful
approximation for the Shannonentropy. Interestingly, a relation analogousto (30),
Hi(%¥) Hg(%) is not true: it is violated e.g. if k 6 K°.

Making use of the rigorous bound (12) and the conjecture (30) we may suggest
to estimate the unknown value of the Shannonentropy by the meanvalue

(31)  H) = SlHup(9) + Hazs0] = HE00 + Hale)  STHE00) + Ha(oll:

which is obtained by combined methods basedas well on the lower as well as on
the upper bounds. Obserne that this explicitly computable quartity involvesonly
Renyi entropies H, and H3 and the dimensionN . This estimation may beimproved
noting that the rigorous lower bounds (12) and (24) are not equivalert. Since for
somedistributions the latter bound givesbetter (higher) results, we may improve
(31) writing

(32) H (%)= %Hu(x)+ %mafodgg(x);Hfz(x)g:

If the value of the zero-eriropy, Ho, is known, one may replace the upper bound
H. (%) usedabove by the minimum, minf Hyo(%); Hyp (%)0.

Figure 3 shows the bounds and the estimations described above for a randomly
chosenprobability distributions with N = 15 componerts. The overall quality of
the proposedestimationsfor the Shannonentropy may be judged from Fig. 4, which
shaws the histogram of the deviations ;= H Hj;and ,= Hg H; for asample

3Knowing the function H(q) at g = 3 we have less information on H31, than knowing it at
q= 2.
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05r-

Figure 3. Reryi entropies Hq for a random probability distribu-
tion of sizeN = 15 (solid line). Densedotted curvesrepresern H,
bounds: upper (21) and lower (23), while faint dotted curve denote
analogousboundsbasedon H3. Straight dashed{dotted lines show
lower (12) and upper (29) extrapolations. The exact value of H;
is denoted by ( ), while the estimation (32) by the middle ( ).

of 10* probability vectors generatedrandomly accordingto the statistical (Fisher{
Rao) measureon the N 1 dimensional simplex [19]. This measurehas a simple
geometricinterpretation: is su ces to considera unit vector t distributed uniformly
onthe sphereSN 1, and to de ne the probability vectorx = ft%;:::;t% g. Numerical
results obtained in this way allow usto concludethat the proposedestimation (32)
provides a useful all-purp ose approximation of the Shannon entropy. Note that
the precision of this approximation decreaseswith the length N of the probability
vector.

To judge about possibleapplication of the estimate H in the analysisof physical
data, one should perform analogousnumerical simulations with random vectors
% generated according to a speci c probability distribution adjusted to a given
physical problem.

6. Concluding Remarks

In this work we consideredthe problem of nding the bounds and extrapola-
tions for the Shannon (entropy), provided someof the Reryi entropies are known.
In general, generalizedentropies of integer order g = 2 and q = 3 are easiestto
calculate, and they are su cien t to obtain bounds (10) and (12) for the Shannon
ertropy. The quality of the bound may be improved if the length N of the prob-
ability vector is known. Then an explicit extrapolation (32) allows us to estimate
the actual value of the entropy H.
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161

d

Figure 4. Histogram of deviations of the extrapolations form the
real value of the Shannonentropy Hi: ( ) denotesthe probability
density of error ; = H H1 of the estimation (32), while (o)
denotesresults for the error , = Hy H; of the lower bound (12)
for a sampleof 10* random probability vectors of sizeN = 10.

Note that the bounds and extrapolations discussedmay be easily rewritten in
terms of a non-extensiwe erntropy
1 hyp i
(33) Sq(x) = —— x1 1
1 q._
i=1
used by Havrda and Charvat [20] and Daroczy [21], which becameoften usedin
statistical physics after the seminal work of Tsallis [22]. In particular, the linear
ertropy L is just the nonextensive entropy of order two, L(x) = S,(x), and the
bounds betweenHy and H; imply analogousrelations betweenSy and Hj. In fact
the plot presenried in [13] showvs bounds between von Neumann erntropy and the
linear entropy and they follow directly from relation (18) provenin [15].

The issueof comparing the Renyi entropies Hg, H1 and H is closelyrelated to
the problem of describing the degreeof chaos of an analyzed classical dynamical
system by the topological entropy K o, the Kolmogorov{Sinai (metric) erntropy K
and the correlation entropy K ,. Thesedynamical entropies are de ned asthe rate
of the increase of the Reryi entropies in time [16], but since the length of the
probability vector is not nite the N{dependert bounds discussedin this work are
not applicable. The sameconcernscomparisonof generalizedfractal dimensionsD q
of fractal measures:the box{counting dimensionD o, the information dimensionD ;
and the correlation dimensionD ,, which alsoform a non{increasing function of the
Renyi parameter q [16], are de ned by the limit N ! 1 .

The generalizedentropies may alsobe usedto characterizelocalization properties
of contin uous probabilit y distributions. For instance, any pure quantum state may
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be represenied in the phase spaceby the Husimi distribution. Its localization
can be measuredby the Wehrl entropy de ned as the cortinuous (Boltzmann{
Gibbs) entropy of the Husimi distribution [23]. In an analogousway one may
de ne generalizedRenyi{W ehrl entropies [24, 11], and above results may be used
to obtain similar bounds for the Wehrl entropy.

It is a pleasureto thank P. Harremoesand F. Tops e for explaining us their
results prior to publication and seweral fruitful commerts. | am also thankful to
I. Bengtsson,A.Bialas, A. Ostruszka, F. Mintert, W. Munro and W. Slomczynski
for inspiring discussionsand D. Berry, B. Sandersand I. Varga for helpful corre-
spondence. Financial support by Komitet Badan Naukowych in Warsaw under the
grant 2P03B-07219 and by areseard grant of the VolkswagenStiftung is gratefully
acknowledged.

7. Corrigendum { February 17,2005

Eg. (8) implies that (1 g)Hq is a convex function of g. Howevwer, it does
not imply that the Renyi entropy Hq is a corvex function of g. For instance, the

function of g. | am deeply obliged to Christian Scha ner for drawing my attention
to this fact.

Therefore, equations (10), (11), and (12) are not satis ed and conjecture (30)
cannot hold. Furthermore, equations(13), (31), (32) may only be usedto extrapo-
late the unknown value of the Shannonentropy, from the available data on H, and
Hs.

On the other hand, we would like to mertion that the lack of corvexity of Hq
in g doesnot in uence the bounds between particular values of the Renyi entropy
preseried in sections3 and 4 of the presert paper.
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